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SUMMARY 
Further computat ional  exper iments have been conducted t o  s tudy  the  char -  
a c t e r i s t i c s  o f  f l o w  r e v e r s a l  and separa t ion  in  uns teady  boundary  layers .  
One s e t  of  c a l c u l a t i o n s  was pe r fo rmed  us ing  the  f i r s t -o rde r ,  t ime-  
dependent   turbulent   boundary- layer   equat ions,   and  extended  ear l ier   work 
by  Nash  and  Pate1 t o  a wider  range o f  f lows.   Another   se t  o f  c a l c u l a -  
t i o n s  was performed for laminar  f low using  the  t ime-dependent  Navier-  
Stokes  equations. 
The r e s u l t s  o f  t h e  c a l c u l a t i o n s  c o n f i r m  p r e v i o u s  c o n c l u s i o n s  c o n c e r n i n g  
t h e  e x i s t e n c e  o f  a regime o f  unsepara ted  f l ow ,  con ta in ing  an  embedded 
r e g i o n  of r e v e r s a l ,  w h i c h  i s  a c c e s s i b l e  t o  f i r s t - o r d e r  b o u n d a r y - l a y e r  
theory.  However, c e r t a i n  d o u b t s  a r e  c a s t  on t h e  p r e c i s e  n a t u r e  o f .  t h e  
events  which accompany the  eventua l  breakdown o f  t h e  t h e o r y  due to  
s i n g u l a r i t y  o n s e t .  The e a r l i e r   v i e w   t h a t   t h e   s i n g u l a r i t y   a p p e a r s   a s   t h e  
f i n a l  e v e n t  i n  a sequence   i nvo l v ing   rap id   t h i cken ing  o f  t h e  
l a y e r  and t h e  f o r m a t i o n  o f  a l o c a l i z e d  r e g i o n  o f  s teep  g rad i  
c a l l e d   i n t o   q u e s t i o n  by t h e   p r e s e n t   r e s u l t s .  I t  appears, f i  
boundary 
e n t s ,   i s  
r s t ,   t h a t  
s ingu la r i t y  onse t  i s  no t  necessa r i l y  p receded  by  rap id  boundary - laye r  
t h i c k e n i n g ,  or even necessar i ly   produces  immediate  th ickening.   Fur ther-  
more, t h e  f o r m a t i o n  o f  a r e g i o n  o f  s t e e p  g r a d i e n t s  c o u l d  n o t  be repro-  
duced i n  t h e  s o l u t i o n s  o f  t h e  N a v i e r - S t o k e s  e q u a t i o n s ,  and may, i t s e l f ,  
p r o v e  t o  be a f e a t u r e  o f  f i r s t - o r d e r  b o u n d a r y - l a y e r  t h e o r y  and n o t  p a r t  
o f  a more  comp le te  desc r ip t i on  o f  t he  f l ow .  
i v  
L l  ST OF SYMBOLS 
A,  Am Imbalance  between  product ion and d i s s i p a t i o n  o f  t u r b u l e n t  
k ine t ic  energy  (see Equat ion  A8)  
A,B,C,D,E C o e f f i c i e n t s   a p p e a r i n g   i n  E q u a t i o n  (814)  
al ya2 
E m p i r i c a l   f u n c t i o n s   i n   t h e   s h e a r - s t r e s s  model (Equat ion A 3 )  
C Chord length of t h e  p l a t e ,  and l e n g t h  o f  t h e  i n t e g r a t i o n  
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F Genera l   funct ion 
f Func t ion   de f i ned  by Equat ion ( 3 )  
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m, n Node-point   index ing  in tegers 
P S t a t i c   p r e s s u r e  
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R,R, ' R 2  Funct ions  appear ing  inEquat ions ( B 1 4 , B l 5 , B l 6 )  
S H e i g h t   o f   t h e   i n t g r a t i o n  domain 
t T i  me 
U , V , W  Ensemble  average v e l o c i t y  components i n   t h e  x- ,  y-, 
z-d i r e c t i  ons , r e s p e c t i v e l y  
U Y V Y W  F l u c t u a t i n g   v e l o c i t y  components  corresponding  to U , V , W ,  
r e s p e c t i v e l y  
X,Y Y C a r t e s i a n   c o o r d i n a t e s   f i x e d   i nt h e   p l a t e :  x measured  along 
t h e  p l a t e ,  y measured  normal to  i t ,  and z measured 
l a t e r a l l y .  
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INTRODUCTION 
Extens ive  ca lcu la t ions  have been per formed,  over  the last  severa l  years,  
t o  ' s tudy  the  cha rac te r i s t i cs  o f  t ime-dependen t  tu rbu len t  boundary  l aye rs .  
These c a l c u l a t i o n s  have taken the form of  numer ica l  exper iments,  y ie ld ing 
data which -- a l t h o u g h  i n f e r i o r  i n  o b v i o u s  r e s p e c t s  t o  r e l i a b l e  w i n d - t u n n e l  
r e s u l t s  -- have  nevertheless  served  to fill t h e  v o i d  w h i c h  s t i l l  e x i s t s  
because o f  t h e  s c a r c i t y  o f  comprehensive  measurements.  indeed, much o f  
what i s  known a t  th is  t ime about  uns teady  boundary  layers  has been de r i ved  
f rom theory  ra ther  than f rom measurement,  and, w h i l e  t h e  need f o r  good 
w i n d - t u n n e l  e x p e r i m e n t s  t o  c o n f i r m  t h e  c a l c u l a t e d  r e s u l t s  ( o r  a t  l e a s t  t o  
va l i da te   t he   t heo re t i ca l   mode ls )   rema ins  as acute  as  ever i t  was, t he  
i n f o r m a t i o n  c o n t e n t  o f  c a l c u l a t i o n s  seems l i k e l y  t o  " s t a y  ahead" o f  t h a t  
o f  measurements f o r  some t i m e  t o  come. 
The most recent work on unsteady turbulent boundary layers,  done by t h e  
present  au thor  and h is  co-workers,  has been  concerned w i t h  t h e  e f f e c t s  
o f  t ime-dependence on reversal and separation onset. 
References [1,2] tha t  t ime-dependence resu l ts  in  a. de l  
and t h a t  t h i s  d e l a y  c o u l d  n o t  be r e l a t e d  i n  any  simp1 
v ia t i on  o f  t he  p ressu re  g rad ien ts ;  i ndeed ,  some measu 
I t  was shown i n  
ay o f  r e v e r s a l  o n s e t ,  
e  manner t o  an a l l e -  
r e  o f  d e l a y  was 
observed even when the  pressure  grad ien ts  were  augmented by t h e  e f f e c t s  
o f   t he   uns tead iness .  i t  was shown f u r t h e r ,   t h a t   t h e   r e v e r s a l   p o i n t   i n  an 
uns teady  tu rbu len t  boundary  layer  i s  no t  a s i n g u l a r  p o i n t  -- an  observa- 
t i on  wh ich  con f i rmed  ea r l i e r  s ta temen ts  wh ich  had been made concerning 
laminar flow [3,4,5,6] -- and that   the  boundary  layer   remains  th in   even 
though  reversa l  had taken   p lace  [ l ] .  Subsequent  work was d i r e c t e d  to  
s t u d y i n g  a c l a s s  o f  uns teady  tu rbu len t  boundary  layers  in  wh ich  a r e g i o n  
of  embedded r e v e r s a l  was a l l o w e d  t o  d e v e l o p  b u t  i n  w h i c h ,  u n d e r  c e r t a i n  
c o n d i t i o n s ,  a s i n g u l a r i t y   o c c u r r e d   s o m e t i m e   l a t e r  [7,8]. Th is   s ingu -  
l a r i t y  i s  r e l a t e d  to t h e  f i n a l  s e p a r a t i o n  o f  t h e   b o u n d a r y   l a y e r ,   i n   t h e  
sense o f  detachment of t he  ou te r  f l ow  f rom the  body  surface,  and  repre- 
sen ts   t he  limit o f  v a l i d i t y  of f i r s t -o rde r   boundary - laye r   t heo ry .  However, 
the  regime  between  reversal   and  separat ion  appears to  b e  a c c e s s i b l e  t o  
f i r s t - o r d e r  t h e o r y  [ i ' ] ,  and t h e  c a l c u l a t i o n s  w h i c h  w e r e  p e r f o r m e d  i n  t h i s  
reg ime are  be l ieved to  be  mean ing fu l .  
The  present  work,  which  forms a sequel t o  t h a t  o f  R e f e r e n c e  [71, has  two 
ma in  ob jec t i ves :  
1 .  t o   ex tend   t he   ca l cu la t i ons   o f   uns teady   t u rbu len t   boundary   l aye rs  
t o  a w i d e r  r a n g e  o f  f l o w  c o n f i g u r a t i o n s ,  and 
2. to t r y  t o  e l u c i d a t e  t h e  mechanism o f  separa t ion   onset  by perform- 
i ng  h ighe r -o rde r  ca l cu la t i ons  wh ich  wou ld  no t  b reak  down as the 
resu 
I n   p u r s u i  t o f  
two  add i t iona 
f i r s t  imposed 
1 t o f  the development  of  a s i n g u l a r i t y .  
t h e  f i r s t  o b j e c t i v e ,  c a l c u l a t i o n s  h a v e  been  performed f o r  
t y p e s   o f   f l o w :   f l o w s   i n   w h i c h  an u n s t e a d y   r e t a r d a t i o n   i s  
b u t  w h e r e  t h e  e x t e r n a l  v e l o c i t y  d i s t r i b u t i o n  i s  subse- 
q u e n t l y  f r o z e n  a l l o w i n g  a r e l a x a t i o n  t o w a r d s  s t e a d y - s t a t e  c o n d i t i o n s ,  and 
o s c i l l a t o r y   f l o w s   i n   w h i c h   r e v e r s a l   o c c u r s   d u r i n g   p a r t   o f   t h e   c y c l e .  The 
r e s u l t s  of  t h e s e  c a l c u l a t i o n s  a r e  p r e s e n t e d  i n  P a r t  I o f  t h i s  r e p o r t .  
The  second o b j e c t i v e  was pursued  by  programming a s imple method for  so lv-  
ing  the  unsteady  Navier -Stokes  equat ions,  and per fo rming  some c a l c u l a t i o n s  
2 
f o r   l am ina r   f l ow .  I t  was r e c o g n i z e d   t h a t   t h e   c h a r a c t e r i s t i c s   o f   t u r b u -  
len t  f lows wou ld  no t  be  represented  appropr ia te ly  by t h i s  means, b u t  it 
was hoped t h a t  t h e  mechanism o f  s e p a r a t i o n  w o u l d  h a v e  s u f f i c i e n t  g e n e r a l i t y  
t o  make these   l am ina r   ca l cu la t i ons   use fu l .  The r e s u l t s  o f  t h i s  s t u d y  a r e  
p r e s e n t e d   i n   P a r t  I t  o f  t h e  r e p o r t .  
3 
PART I . -  TURBULENT  FLOW  CALCULATIONS 
1 . 1  NATURE OF THE FLOWS CONSIDERED 
The tu rbu len t  boundary- layer  s tud ies  repor ted  here  were  car r ied  ou t  fo r  
incompressible,  t ime-dependent  f low  over a two-dimensional   surface  of  
l a r g e  o r  i n f i n i t e  r a d i u s .  As i n   t h e   e a r l i e r   w o r k  [1,7], or thogonal  
coord ina tes  are  erec ted  on  the  sur face ,  w i th  y measured  normal t o  i t  and 
x measured along the surface from some o r i g i n  where the  boundary  layer  i s  
a l r e a d y   t u r b u l e n t   a n d   o f  known proper t ies:   corresponding  to   s teady,   con-  
s tan t -p ressu re   cond i t i ons .  The   ma in   f ea tu res   o f   t he   ca l cu la t i on  method 
are  rev iewed  in   Appendix  A.  The c a l c u l a t i o n s   r e l a t e   t o   t h e   b o u n d a r y   l a y e r  
develop ing over  a "p la te "  of chord c which extends downstream from the 
o r i g i n .  
The e x t e r n a l   v e l o c i t y :  Ue, ove r   t he   p la te ,  i s  assumed t o   v a r y   i n  a p re -  
sc r i bed  manner w i t h  x and  t ime, t . S p e c i f i c a l l y ,  i t  i s  assumed t h a t  
ue - uo, - f o r  t - < 0 and a l l  x ( 1 )  
'e X 
uQ 0 
- =  -x ( 1  - f ( t ) l ,   f o r  t - > 0 and 0 " < x < x0 
'e 
"0 
x - x  1 
" - 1" ( 1  - f ( t ) > ,   f o r  t - 0 and x < x < c (3) 
X 0 
0 
- 
where uo i s  some re fe rence   ve loc i t y ,   and  x and x are   p resc r ibed   va lues  
o f  x: x = 5c/7 ( = 0.714c), x 1  = 2x . I n   E q u a t i o n s   ( 2 , 3 ) ,   f ( t ) ,   w h i c h  
i s   t h e   v a l u e   o f  U /U a t  x = x i s  chosen t o  be a f u n c t i o n   o f   t i m e ,   w i t h  
0 1 
0 0 
e o  0' 
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t h e  r e s t r i c t i o n  t h a t  f = 1 a t  t = 0 i n  o r d e r  t o  s a t i s f y  E q u a t i o n  ( 1 ) .  
The f lows  d iscussed  in   Reference [71 corresponded t o  
f = 1 - wxot/c, (4) 
where w = constant ,  which imposed a d i s t o r t i o n  o f  t h e  e x t e r n a l  f l o w  w h i c h  
was monotonic i n  t ime. 
Here,  the  emphasis i s  o n  p a t t e r n s  o f  d i s t o r t i o n  of  t h e  e x t e r n a l  v e l o c i t y  
f i e l d  w h i c h  a r e  o f  two o ther  types :  
( 1 )  p a t t e r n s   i n   w h i c h   a n   i n i t i a l   d i s t o r t i o n ,   e x t e n d i n g   o v e r  a f i n i t e  
i n t e r v a l  (0 " < t < t f ) ,   i s   f o l  lowed by f r e e z i n g   o f   t h e   e x t e r n a l  
v e l o c i t y  f i e l d ,  
( 2 )  o s c i  1 l a t o r y  e x t e r n a l  v e l o c i t y  f i e l d s .  
The " f rozen" f lows were generated by t a k i n g  
f = 1 - ( 1  - f f ) t / t f ,  fo r  0 - < t 5 t f  (5)  
f = f f ,  f o r  t t f  ( 6 )  
Values o f  f f  = 0 and 0.5 were  used,   together   wi th   va lues  o f  t c o r r e -  
spond ing   to  U t /c = 0.2, 1.0, and 2.0. 
f 
o f  
The o s c i l l a t o r y  f l o w s  w e r e  o f  a t r i a n g u l a r  waveform, and were generated 
by t a k i n g  
t - to 
f = 0.5 - A 4{ - 1 )  
P 
o v e r  t h e  f i r s t  h a l f  o f  t h e  c y c l e :  to - < t - < t + t /2, and 
O P  
t - to 
f = 0.5 + AC4 - 33 
P 
ove r   t he   second   ha l f   o f   t he   cyc le : .  t + t /2  < t to. Here, t i s   t h e  
p e r i o d  o f  t h e  o s c i l l a t i o n ,  and t r e f e r s  t o  t h e  b e g i n n i n g  o f  t h e  c y c l e .  
I t  will be  noted  that   the mean v a l u e  o f  f i s  0.5, e x c e p t "  f o r  t h e  f i r s t  
h a l f - c y c l e  o f  t h e  m o t i o n  (0  - < t < t /2) where an i n i t i a l  t r a n s i e n t  s a t -  
i s f i es   t he   requ i remen t :  f = 1 f o r  t = 0; t h i s   t r a n s i e n t   i s   d e f i n e d  by 
0 p "  P 
0 
- P  
f = l  - ( 1 + 2 A ) t .  t (9)  
P 
The p e r i o d  o f  t h e  m o t i o n ,  w h i c h  i n  d i m e n s i o n l e s s  t e r m s  i s  U t /c, was 
v a r i e d  between 2.0 and 8.0 i n   t h e   c a l c u l a t i o n s .  The constant  A,  i n  Equa- 
t i o n s  (7,8,9), c o n t r o l s  t h e  a m p l i t u d e  o f  t h e  o s c i l l a t o r y  e x t e r n a l  v e l o c i t y  
d i s t r i b u t i o n ;  v a l u e s  between 0 and 0.5 were  chosen f o r  t h e  c a l c u l a t i o n s .  
When A = 0, the f low degenerates f rom an o s c i l l a t o r y  t o  a " f rozen"  f low 
(as de f ined  above) w i t h  f f  = 0.5 and t f  = tp /2.  
O P  
When A = 0.5, i n  t h e  o s c i l l a t o r y  c a l c u l a t i o n s ,  t h e  e x t e r n a l  f l o w  s t a g n a t e s  
momentar i ly   ( i .e .  U = 0 ) ,  a t   he   po in t   on   t he   su r face :  x = x once 
dur ing   every   cyc le :   namely ,   a t  t = t + t /2. Wi th  f f  = 0, i n   t h e  
" f rozen  f l ows , "  s tagna t ion  o f  t he  ou te r  f l ow  occu rs  a t  x = x f o r  a1 1 
times  ubsequent t o  t = t Stagnat ion does n o t   o c c u r   a t   a l l  i f  A < 0.5, 
e 0' 
O P  
0 
f '  
i n  t h e  o s c i l l a t o r y  f l o w s ,  and i f  f f  > 0 i n  t h e  f r o z e n  f 
F igu re  1 i l l u s t r a t e s  t h e  f e a t u r e s  o f  t h e  two t y p e s   o f  f 
a g r a p h i c a l   d e f i n i t i o n   o f   t h e   p a r a m e t e r s  f t f ,  t and f '  P 
lows. 
low,  and  provides 
A. 
". 
" I f  A = 0.5 the  mean va lue  o f  f i s  0.5 e v e n  d u r i n g  t h e  f i r s t  h a l f - c y c l e .  
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1.2 COMPUTATIONAL  EXPERIMENTS 
Frozen F 1 ows 
A number o f  c a l c u l a t i o n s  w e r e  done f o r  f l o w s  i n  w h i c h  t h e  e x t e r n a l  
v e l o c i t y  d i s t r i b u t i o n  was f r o z e n ,  a t  t = t f ,  f o l l o w i n g  an i n i t i a l  d i s -  
t o r t i o n  s t a r t i n g  a t  t = 0. 
F igures  2 through 7 show the  spac ia  
and  displacement  h ickness,  respect 
t he  fo l l ow ing  cases :  
U 0 t f / C  
0 .2  
2.0 
2.0 
I n  t h e  f i r s t  t w o  cases, a r e g i o n  o f  
1 d i s t r i b u t i o n s  o f  w a l l  s h e a r  s t r e s s  
i v e l y ,  a t  v a r i o u s  t i m e  l e v e l s ,  f o r  
has a1 ready 
i s  f r o z e n .  
o f  f reez i ng 
o c c u r s  a t  x 
l o c a l l y   i n f  
z e r o  i n  t h e  
I n  t h e  t h i r d ,  r e v e r s a l  has n o t  
b u t   o c c u r s   l a t e r .   W i t h  f f  = 0 
= x and t > t f ,  and t h e   d i s p  
0' - 
f f  
0 
0 
0.5.  
r e v e r s e d   f l o w ,   o f   s u b s t a n t i a l   e x t e n t ,  
fo rmed  on   the   p la te   by   the   t ime ( t  = t ) t h e  e x t e r n a l  f l o w  
y e t  t a k e n  p l a c e  a t  t h e  t i m e  
, s t a g n a t i o n  of t h e  o u t e r  f l o w  
lacement th ickness takes on a 
f 
i n i t e   v a l u e .  However, t h i s   i n f i n i t y   r e f l e c t s   t h e   d i v i s i o n  by 
d e f i n i t i o n  o f  d i s p l a c e m e n t  t h i c k n e s s  and  does n o t  n e c e s s a r i l y  
i n d i c a t e  t h e  p r e s e n c e  o f  a s i n g u l a r i t y  i n  t h e  s o l u t i o n  o f  the  boundary- 
layer  equat ions .  
V a r i o u s  c r i t e r i a  w e r e  d e s c r i b e d  i n  R e f e r e n c e  [7 ]  f o r  i d e n t i f y i n g  t h e  o n s e t  
o f  a s i n g u l a r i t y :   s t e e p e n i n g   o f   t h e   g r a d i e n t s   o f   w a l l   s h e a r   s t r e s s  and 
d isp lacement   th ickness,   versus  x ,   the  development   o f   loca l ly   h igh  d is-  
p lacement- th ickness maxima,  and  breakdown o f  the boundary-layer approxima- 
t ioned.  A s u r r o g a t e   c r i t e r i o n  was also  suggested: 6' = O . l c ,   f o r   f l o w s  
of  the present  type and at  these Reynolds numbers, which appeared to  
c o r r e l a t e  w i t h  t h e  o t h e r  c r i t e r i a ,  and wh ich  he lped to  p inpo in t  the  loca-  
t i o n  of  t h e  l o c a l l y  h i g h  g r a d i e n t s  between  node p o i n t s  i n  t h e  c a l c u l a -  
t i o n .  T h i s  s u r r o g a t e  c r i t e r i o n  will be  used  here  also, for t h e  moment, 
a l t h o u g h . i t s  u s e f u l n e s s  i s  c a l l e d  i n t o  q u e s t i o n  l a t e r  i n  t h e  d i s c u s s i o n .  
I n  any  case, i t  i s  necessary to  repea t  the  cau t iona ry  s ta temen ts  made i n  
Reference [71 t o  t h e  e f f e c t  t h a t  t h e  r e a l  measure o f  s i n g u l a r i t y  o n s e t  i s  
s t e e p e n i n g  o f  t h e  v e l o c i t y  g r a d i e n t s  r a t h e r  t h a n  t h e  a t t a i n m e n t  o f  some 
a r b i t r a r y  v a l u e  o f  6 " ,  and t h a t  t h e  s u r r o g a t e  o n l y  has v a l i d i t y  i n s o f a r  
as i t  h e l p s  t o  l o c a t e  t h e  f o r m a t i o n  o f  t h e  s t e e p  g r a d i e n t s .  
F igures 2 through 5, w h i c h  r e l a t e  t o  t h e  two  cases  where f f  = 0, i n d i c a t e  
t h a t  i n c i p i e n t  s i n g u l a r  c o n d i t i o n s  f o r m  a t  a t ime  co r respond ing  to  Uo t / c=  2.0 
f o r  U t /c  = 0.2, and a t  a t ime cor respond ing  to  U t / c  = 3.0 f o r  U t /c  = 2.0. 
o f  0 o f  
Thus t h e  l o w e r  i n i t i a l  r a t e  o f  d i s t o r t i o n  o f  t h e  o u t e r  f l o w ,  i n  t h e  l a t t e r  
case, r e s u l t s   i n  a d e l a y   i n   t h e   f i n a l   o n s e t  o f  t h e   s i n g u l a r i t y .   F i g u r e s  8, 
9, i n  wh ich  the  wa l l  shear  s t ress  and  the  d i sp lacemen t  th i ckness  a re  p lo t ted  
versus  t ime,  emphasize  th is  delay.  The s m a l l  d i p  i n  one o f  t h e  c u r v e s  o f  
6': versus  t ime (F igure  9)  resu l  ts  f rom a forward movement o f  t h e  6': maximum 
on  the   p la te .  I t  i s   i n t e r e s t i n g   t o   n o t e   t h a t ,   f o r   t h e s e   t w o  cases w i t h  f = 0 ,  
t h e r e  i s  a measure o f  s i m i l a r i t y  i n  t h e  development o f  each so lut ion towards 
s i n g u l a r   c o n d i t i o n s :   t h e  two s e t s  o f  r e s u l t s   ( f o r  T o r  6")  would  roughly 
c o i n c i d e  i f  they  were  p lo t ted  aga ins t  t - where t r e f e r s   t o   t h e   o n s e t   o f  
t h e  s i n g u l a r i t y .  T h i s  s i m i l a r i t y  does not   extend  to   the  case  where f,=O.5 
(F igures 6 , 7 ) ,  where  the  approach t o  t h e  s i n g u l a r i t y  i s  somewhat slower 
(Figures  8,g).  The s lower   approach  to   s ingu la r   cond i t ions   p resumably   has   to  
do w i t h  t h e  s m a l l e r  g r a d i e n t  of  Ue w i t h  r e s p e c t  t o  x ,  when f f = 0 . 5 ,  b u t  d i r e c t  
comparison o f  t h e  r e s u l t s  f o r  t h i s  c a s e  w i t h  t h o s e  f o r  f f = O  i s  d i f f i c u l t  
f 
.L 
W 
t S  , S 
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because t h e  s i n g u l a r i t y  forms f u r t h e r  a f t  when f f  = 0.5: a t  around 
x = 0.6c, ra the r  than  x = 0 . 2 5 ~  w i t h  f = 0. f 
o n s e t  o f  
penet   ra  t 
l a y e r ,  w 
' For  want 
I n  Reference [71 a semi-empir ical  model was p r o p o s e d  f o r  p r e d i c t i n g  t h e  
t h e  s i n g u l a r i t y .  The procedure was t o  compare t h e  v e l o c i t y  of  
ion  o f  the  reversa l  po in t ,  ups t ream in to  the  oncoming boundary  
i t h  an  average "convec t ion"  ve loc i ty  in  the  reversed- f low reg ion .  
o f  a b e t t e r  d e f i n i t i o n ,  t h i s  c o n v e c t i o n  v e l o c i t y  was t a k e n  t o  
b e  o n e - h a l f  o f  t h e  maximum n e g a t i v e  v e l o c i t y  i n  t h e  r e g i o n  a t  t h e  p a r t i c u -  
l a r   t i m e   l e v e l .  The p r e d i c t i o n   c r i t e r i o n   p r o v e d   u s e f u l   i n   c o r r e l a t i n g  
r e f o r e  o f  i n t e r e s t  t o  see 
, estimates were made o f  t he  
lows  considered  here,   by  p lot-  
i g u r e  l o ) ,  and d i f f e r -  
i n e d  i n  t h i s  manner 
the  convec t i on  ve loc i t y ,  
t h e  r e s u l  t s  o f  
whether i t  wou 
pene t ra t i on  ve  
Reference [71, and i t  was the  
I d  be v a l i d   h e r e .  To t h i s  end 
l o c i t y ,  f o r  t h e  t h r e e  f r o z e n  f 
t i n g  t h e  movement o f  t h e  p o i n t  o f  f l o w  r e v e r s a l  (F 
e n t i a t i n g   t h e   c u r v e s   g r a p h i c a l l y .  The values  obta 
a r e  shown i n  F i g u r e  1 1 ,  and  compared w i t h  d a t a  f o r  
as defined above. 
The p o i n t s  o f  i n t e r s e c t i o n  o f  t h e  c u r v e s  c o r r e s p o n d i n g  t o  t h e  p a i r s  o f  
v e l o c i t i e s  y i e l d s  t h e  p r e d i c t e d  t i m e s  a t  w h i c h  t h e  s i n g u l a r i t y  i s  sup- 
posed t o  form.   These  predic t ions  are compared w i th   the   approx imate  
observed  va lues   ( ind ica ted  by 6' = 0 . 1 ~ )  i n  t h e  f o l l o w i n g  t a b l e :  
Case: Predicted  onset  Observed  ons t 
U 0 t f / C  f f  Uot/c U 0 t / C  
0.2 0 1.2  2.0 
2.0 0 2.2 3.0 
2.0 0.5 3 . 9  4.8. 
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I t  will be  seen t h a t  t h e r e  i s  a constant   d iscrepancy  in   Uot /c ,   o f   about  
0.8, between the predic t ions and the  obse rva t i ons ,  and  the  c r i t e r i on  has  
no more than qua 1 i t a t   i v e   V a l   i d  it y   f o r   t h e s e   r e s u l   t s .  The reason why i t  
does no t  app ly  he re  i s  no t  c lea r ,  a l t hough  some suggestions  can  be made. 
I t  might  be suggested that  the assumed r a t i o  o f  c o n v e c t i o n  v e l o c i t y  t o  
maximum n e g a t i v e   v e l o c i t y  needs t o  be  reduced.  However the   d i sc repanc ies  
a r e   t o o   l a r g e   t o   b e   r e s o l v e d   i n  such a manner: t h e   r a t i o   w o u l d  have t o  be 
reduced v i r t u a l l y  t o  z e r o  t o  make t h e  p r e d i c t i o n s  and observat ions agree.  
Indeed, f o r  t h e  p r e s e n t  f r o z e n  f l o w s ,  t h e  s i n g u l a r i t y  does no t  seem t o  
f o r m   u n t i l   t h e   f o r w a r d  movement o f   t h e   r e v e r s a l   p o i n t  has ceased: i .e. 
u n t i l   t h e   p e n e t r a t i o n   v e l o c i t y  has f a l l e n   t o   z e r o .   I n   t h e   f l o w s   d i s c u s s e d  
i n  Reference [71 , t h e  s i n g u l a r  i t y  was observed to  deve lop  wh i  le  the  
r e v e r s a l   p o i n t  was s t i l l  mov ing   fo rward .   Another   suggest ion ,   an t ic i -  
p a t i n g  some o f  t h e  l a t e r  d i s c u s s i o n  i n  t h i s  r e p o r t ,  i s  t h a t  t h e  r e a l  
s i n g u l a r i t y ,  i n  t h e  sense o f  s t e e p e n i n g  o f  t h e  g r a d i e n t s ,  does  form a t  
t he  p red ic ted  t imes ,  and tha t  the  d isc repanc ies  s imp ly  measure  the  fa i lu re  
i t s   f o r m a t i o n .   S i n c e   t h e   s u r r o -  
i o n  o f  t h e  h e u r i s t i c  model, i n  
t h a t  t h e  r a t e s  o f  i n c r e a s e  o f  6"' 
wi th  t ime  were  so much g rea te r  t han  they  a re  he re  tha t  any d i f f e r e n c e s  
i n  t i m i n g  between t r u e  s i n g u l a r i t y  o n s e t  and t h e  c o n d i t i o n :  6" = O. lc ,  
were  masked. I t  i s   t r u e   t h a t   t h e   r a t e s   o f   i n c r e a s e   o f  6" were   genera l l y  
h igher ,   in   Reference 171, t han   t hey   a re   i n   t he   p resen t   f l ows ,  and so the  
suggest ion has some m e r i t .  On the   o the r  hand the  d iscrepancies,   between 
the  p red ic ted  and the  observed s ingu la r i t y  onset  a re  ra ther  la rger  than 
can be e x p l a i n e d  e n t i r e l y  i n  t h i s  way,  and f o r  t h e  moment the  conc lus ion  
-1. 
o f  t h e  s u r r o g a t e  c r i t e r  
g a t e  c r i t e r i o n  was used 
Reference [ 7 ] ,  t h e  imp1 
i o n  t o  p i n p o i n t  
i n  t h e  d e r i v a t  
i c a t i o n  must  be 
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must remain  that  he  heuristic  model,   proposed  in  Reference [71, i s  not 
s u f f i c i e n t l y  g e n e r a l  t o  make q u a n t i t a t i v e  p r e d i c t i o n s  o u t s i d e  t h e  c l a s s  
of f lows  for  which i t  was or ig ina l ly  deve loped .  
1 1  
Osci 1 l a t o r y  Flows 
(a) Two s e t s  o f  c a l c u l a t i o n s  w e r e  p e r f o r m e d  f o r  o s c i l l a t o r y  f l o w s ;  t h e  
f i r s t  s e t  was c o n c e r n e d  w i t h  t h e  e f f e c t s  o f  v a r i a t i o n  o f  f r e q u e n c y ,  and 
inc luded the  fo l low ing  cases :  
u t /c 
O P  
A - 
2.0 0.5 
4.0  0.5 
8.0 0.5. 
The f u n c t i o n  f ( t ) ,  c o r r e s p o n d i n g  t o  e a c h  o f  t h e s e  c a s e s ,  i s  p l o t t e d  i n  
F igu re  12.  The pressure  grad i e n t  o v e r  t h e  p l a t e :  ap/ax, i s  g i v e n  by 
. = - "  
a t  
and v a r i e s  w i t h  b o t h  x and t .  The p ressu re   g rad ien t  has a d i s c o n t i n u i t y  
a t  x = x * however ,   the  va lue  a t  x = x i s  r e p r e s e n t a t i v e  o f  c o n d i t i o n s  
o v e r  t h e  f o r w a r d  p o r t i o n  o f  t h e  p l a t e :  0 - < x 5 xo, and can be expressed 
as a f u n c t i o n  o f  f and i t s  d e r i v a t i v e  f '  (= d f / d t )  b y :  
- 
0' 0 
"=- c ap c C 
"0 
2  ax x0 f ( 1  - f )  - f '  . 
0 
Now, s ince  f rom  Equat ions (7.8), f '  = - 2 / t   o v e r   t h e   f i r s t   h a l f   o f   t h e  
cyc le ,  and - 2 / tp ,   over   the  second h a l f ,  ap/ax a t  x = x can  be  determined 
as  a f u n c t i o n  o f  t i m e ,  and i s  shown i n  F i g u r e  13  f o r  t h e  t h r e e  cases 
de f  i ned above. 
P '  - 
0 
12 
The d i s t r i b u t i o n s  o f  w a l l  shear stress and displacement th ickness, for  
the   th ree   cases ,   a re   p resented   in   F igures  I 4  through 19. The  mphasis, 
here, i s  o n  d e m o n s t r a t i n g  t h e  f a i l u r e  o f  t h e  b o u n d a r y  l a y e r  t o  r e a c h  a 
s t a b l e   o s c i l l a t o r y   c o n d i t i o n .   B y , c o n t r a s t ,  when r e v e r s a l  does not   occur  
d u r i n g  p a r t  o f  t h e  c y c l e ,  s t a b l e  c o n d i t i o n s  a r e  r e a c h e d  a f t e r  a few cyc les 
(see  Reference [g ] ) .  For U t /c = 2.0 (F igures l 4 , 1 5 ) ,  t h e  d i s t r i b u t i o n s  
a t  s t a g e s  t h r o u g h  t h e  f i r s t  c y c l e  a r e  compared w i th  those  a t  co r respond-  
ing  s tages  dur ing  the  second  cyc le .  I t  will be  seen tha t   t he   wa l l   shear  
s t r e s s  i s  t y p i c a l l y  l o w e r ,  and  the  d isp lacement   th ickness  typ ica l ly  
h ighe r ,   du r ing   t he  second cyc le   t han   t he  f i r s t .  The d i f f e r e n c e s  a r e  most 
conspicuous over  the range of  x cor respond ing  to  the  reversed- f low reg ion .  
Th is   t rend  con t inues   th rough  the   th i rd   cyc le ,  and i s  e v i d e n t l y  a s s o c i a -  
ted  wi th   the  gradual   approach  towards  eventual   separat ion and the  forma- 
t i o n  o f  a s i n g u l a r i t y .   N e v e r t h e T e s s ,   d u r i n g   t h e   l a t t e r   p a r t   o f   t h e   f i r s t  
c y c l e  a n d  t h e  e a r l y  p a r t  o f  t h e  second,  the reversed- f low region shr inks 
and  vanishes,   and  forward  f low  is   temporar i ly   reestabl ished  over   the 
O P  
be discussed 
1 7 ) ,  reversed 
forms  towards 
t h e  end o f  t h e  c y c l e .  I t  will be r e c a l l e d   f r o m   F i g u r e  13 t h a t  ap/ax < 0 
du r ing  the  second  ha l f  o f  t he  cyc le ,  and  so we have the  in te res t ing  
s i t u a t i o n  h e r e  i n  w h i c h  r e v e r s e d  f l o w  e x i s t s  o n  t h e  p l a t e  i n  s p i t e  o f  a 
favo rab le   p ressu re   g rad ien t .   W i th  U t /c = 8.0, a s i n g u l a r i t y  forms 
d u r i n g  t h e  f i r s t  h a l f - c y c l e  and forward f low is never recovered once 
r e v e r s a l   i s   e s t a b l i s h e d .  
O P  
whole o f   t h e   p l a t e .   T h i s   i n t e r m i t t e n t   b e h a v i o r   w h i c h  will 
more f u l l y  l a t e r ,  i s  r e p e a t e d  f o r  a t  l e a s t  two  more cyc les  
For  the  intermediate  f requency: U t /C  = 4.0 (F igures 16, 
f l o w  p e r s i s t s  t h r o u g h o u t  t h e  f i r s t  c y c l e  and a s i n g u l a r i t y  
O P  
L 
The movement o f  t h e  r e v e r s a l  p o i n t ,  w i t h  t i m e ,  i s  p l o t t e d  i n  F i g u r e  20, 
f o r   t h e   t h r e e   c a s e s .   I n   a l l   t h r e e   c a s e s ,   r e v e r s a l   f i r s t   o c c u r s   n e a r  
x = x and then moves r a p i d l y   u p s t r e a m   w i t h   i n c r e a s i n g   t i m e .  A t  t h e  
h ighes t   f requency   cons idered (U  t /c  = 2 .0) ,  t he   reve rsa l   po in t   reaches  
a f u r t h e s t  u p s t r e a m  p o s i t i o n  a t  t h e  m i d  p o i n t  o f  t h e  c y c l e  and then moves 
a f t  a g a i n ,  w i th  r e v e r s e d - f l o w  v a n i s h i n g  a t  a p o i n t  o n  t h e  p l a t e  somewhat 
ups t ream  o f  x . A t  the  two  lower  f requencies ( U  t /c = 4.0 and 8 .0) ,   the  
reve rsa l  po in t  neve r  moves a p p r e c i a b l y  a f t  f r o m  i t s  f u r t h e s t - u p s t r e a m  
p o s i t i o n .  The approx imate   t imes  a t   wh ich  6' f i r s t  reaches  the  va lue  0 . lc  
(o ther   than when U + 0) a r e  shown o n  t h e  c u r v e s  i n  F i g u r e  20. 
0 
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In  o rde r  to  obse rve  an  i n te rmed ia te  behav io r ,  be tween  tha t  f o r  U t / c = 2 . 0  
i n  wh ich  reve rsed  f l ow  tempora r i l y  van ishes  du r ing  pa r t  o f  t h e  c y c l e ,  and 
t h a t  f o r  U t /c  = 4.0 when i t  p e r s i s t s  i n d e f i n i t e l y ,  an  add i t i ona l  ca l cu -  
l a t i o n  was  made f o r  U t /c = 2.8  and t h e  r e s u l t s  a r e  shown by  the  dashed 
cu rve   i n   F igu re   20 .   Here ,   f o rward   f l ow   i s   rees tab l i shed   f o r  a s h o r t  
t i m e ,  a t  t h e  end o f  t h e  f i r s t  c y c l e ,  b u t  r e v e r s e d  f l o w  p e r s i s t s  d u r i n g  
t h e  second c y c l e  w i t h  6" reach ing  the  va lue  0 . l c  abou t  ha l f -way  th rough  
O P  
O P  
O P  
t h e  second c y c l e .  
F igures 21,  22 show t h e  v a r i a t i o n ,  w i t h  t i m e ,  of the  wa l l  shear  s t ress  
and d isp lacement  th ickness  a t  two ne ighbor ing  pos i t ions  on  the  p la te ,  
f o r  t h i s  l a s t  case. The d isp lacement   h ickness   reaches   0 . l c   a t   about  
U t / c  = 4.0, a l t hough  s teep  g rad ien ts  o f  wa l l  shear  s t ress  occu r  some- 
what e a r l i e r .  I t  i s  o f   i n t e r e s t  to note  the  pronounced  phase s h i f t  
be tween the  d isp lacement  th ickness  and the  ex terna l  ve loc i ty  g rad ien ts  
(wh ich  a re  symmet r i ca l  abou t  the  m id  po in t  o f  t he  cyc le )  even  du r ing  
0 
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t h e  f i r s t  c y c l e  when t h e  f l o w  i s  s t i l l  f a r  f r o m  d e v e l o p i n g  a s i n g u l a r i t y .  
The magnitude o f  t h i s  phase  lag i s  c o n s i d e r a b l y  g r e a t e r  t h a n  t h e  l a g s  
found in  Re fe rence  [ 9 ]  f o r  f l o w s  w h i c h  d i d  n o t  s u f f e r  r e v e r s a i  d u r i n g  
p a r t  o f  t h e  c y c l e .  
The 1 i m i  ted  da ta  p resented  here  suggest  tha t  there  is  some connect ion 
between t h e  p e r s i s t e n c e  o f  r e v e r s a l  d u r i n g  t h e  c y c l e ,  even when t h e  
p ressu re  g rad ien t  becomes negat ive,  and the  appearance o f  the  s ingu la r -  
i t y .  T h i s  may s imply  mean t h a t  a s i n g u l a r i t y  can on ly   deve lop  when 
r e v e r s e d  f l o w  i s  p r e s e n t ;  b u t ,  i f  so t h e s e  r e s u l t s  a r e  a t  v a r i a n c e  w i t h  
suggestions which have been made t h a t  a s i n g u l a r i t y  can occur upstream 
o f   r e v e r s a l .   A l t e r n a t i v e l y ,   t h e   i n c i p i e n t   f o r m a t i o n   o f  a s i n g u l a r i t y  
may  somehow i n h i b i t  t h e  s h r i n k a g e  and d isappearance o f  the  reversed- f low 
reg ion  wh ich  wou ld  o therw ise  take  p lace .  
(b) The second  set o f  c a l c u l a t i o n s  f o r  o s c i l l a t o r y  f l o w  was concerned 
fo l lowing  cases:  
u t /c 
op 
2.0 
2.0 
2.0 
2.0 
4.0 
4.0 
4.0 
4.0 
A 
- 
0 
0.1 
0.3 
0.5 
0 
0.1 
0 . 3  
0.5. 
The two cases w i t h  A = 0.5 a r e  t h e  same as  two o f  t h e  o s c i l l a t o r y  f l o w s  
mentioned  above,  and  the  case: A = 0, U t /c = 4.0 i s  t he  same as t h e  
f rozen  f low,   where U t / c  = 2.0 and f = 0.5, which was discussed 
O P  
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e a r l i e r .  The f u n c t i o n  f ( t )  i s  p l o t t e d  i n  F i g u r e  23, fo r  the  cases  where 
U t /c  = 2.0,  and i n  F i g u r e  32 fo r  - the  cases  where  U t /c = 4.0. The 
co r respond ing   p lo t s  o f  t h e   p r e s s u r e   g r a d i e n t ,   a t  x = X a r e  shown i n  
F igures 24 and 33, r e s p e c t i v e l y .  
O P  O P  - 
0' 
The d i s t r i b u t i o n s  o f  wa l l  shear  s t ress  and d isp lacement  th ickness,  over  
t h e  p l a t e ,  for the  cases  where U t /c = 2.0,   are shown i n  F i g u r e s  25, 
26 f o r  a t i m e  c o r r e s p o n d i n g  t o  U t / c  = 4.0:  i . e . ,  a t  t h e  end o f  two com- 
p l e t e  c y c l e s ,  a n d  i n  F i g u r e s  27,  28 f o r  U t / c  = 5.0, which  corresponds 
t o  t h e  m i d  p o i n t  o f  t h e  t h i r d  c y c l e .  I n  F i g u r e s  2 9 ,  30 the  wal 1 shear 
s t r e s s  and d i sp lacemen t  th i ckness  a t  one  po in t  on  the  p la te ,  a re  p lo t ted  
versus  t ime,  and  Figure 3 1  shows the  movement o f  t h e  r e v e r s a l  p o i n t  w i t h  
t ime. 
O P  
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I t  w i  1 1  be noted f rom Figure 29 t h a t ,  f o r  A = 0 and 0.1, reversal does 
n o t   o c c u r   u n t i l  some t ime   du r ing   t he   second   cyc le .  However,  once i t  
does take  p lace,  i t  p e r s i s t s  u n t i l  a s i n g u l a r i t y  d e v e l o p s  i n  t h e  t h i r d  
c y c l e   ( F i g u r e   2 8 ) .   I n   c o n t r a s t ,   f o r  A = 0.3  and  0.5,  reversal  appears 
d u r i n g  t h e  f i r s t  c y c l e   b u t   s u b s e q u e n t l y   v a n i s h e s   a g a i n ,   l a t e r   i n   t h e  
cyc le ,   l eav ing   f o rward   f l ow   rees tab l i shed   ove r   t he   who le   p la te .   Th i s  
i n t e r m i t t e n t  f o r m a t i o n  and  subsequent   d isappearance  o f   reversed  f low  is  
r e p e a t e d   f o r   a t   l e a s t  two  more cyc les   (F igu re   29 ) .  The displacement 
thickness  reaches a v a l u e  o f  0 . l c  a t  a r o u n d  t h e  m i d  p o i n t  o f  t h e  t h i r d  
cyc le ,  when A = 0 .3 ,  bu t  t he re  i s  no ev idence  o f  s ingu la r  behav io r  any -  
where i n  t h e  f i r s t  t h r e e  c y c l e s  when A = 0.5 ( t h e  c a l c u l a t i o n  was n o t  
continued  beyond  Uot/c = 6: t h e  end o f  t h e  t h i r d  c y c l e ) ;  t h e  l a r g e  v a l u e s  
of p a t  U t / c  = 5 (F igu re  28 )  resu l t  f rom the  s tagna t ion  o f  t he  ou te r  
0 
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f l o w  and  do n o t  i n d i c a t e  t h e  o n s e t  o f  a s i n g u l a r i t y  i n  t h e  s o l u t i o n .  The 
d i f f e r e n c e  i n  b e h a v i o r  between t h e  two  1,ow-amplitude  cases, i n  w h i c h  
reversa l   pers is ts   th roughout   the   second and subsequent  cycles,  and  the 
two high-amp1 i tude cases, where r e  
w i t h  t h e  s i g n  o f  ap/ax d u r i n g  t h e  
p o s i t i v e  f o r  A = 0, 0.1  and nega t i  
i t  has a l ready  been observed that 
v e r s a 1   i s   i n t e r m i t t e n t ,   c o r r e l a t e s  
second h a l f  o f  t h e  c y c l e  ( F i g u r e  2 4 ) :  
v e  f o r  A = 0.3, 0.5. On t h e  o t h e r  hand 
r e v e r s a l  c a n  p e r s i s t  even when the pres-  
s u r e  g r a d i e n t  i s  f a v o r a b l e ,  and, c l e a r l y ,  t h e  mechanism wh ich  con t ro l s  the  
appearance  and  disappearance o f  t h e  r e v e r s e d - f l o w  r e g i o n  i s  n o t  s i m p l y  a 
f u n c t i o n  of the  pressure  gradient .   Indeed,  as already  ment ioned, i t  was 
shown in  Re fe rence  [ l ]  that  ime-dependence  caused a d e l a y  i n  t h e  f i r s t  
appearance o f  r e v e r s a l  even when a U / a t  made a  pos i t  i v e  c o n t r i b u t i o n  t o  
the  p ressu re  g rad ien t .  
F igures 34 through 36 p resen t  da ta  fo r  t he  l ower  f requency  ca l cu la t i ons  
(U t / c  = 4.0).  Here, i t  will be  seen tha t   f o rward   f l ow  i s  not  recovered 
f o r  any of   the  ampl i tudes  cons idered;   once  formed,   reversa l   pers is ts  
u n t i l  6" reaches 0 . l c   nea r   t he  end of t he  f i r s t  c y c l e .   S p e c i f i c a l l y ,  
s i n g u l a r i t y  o n s e t  ( a c c o r d i n g  t o  t h i s  c r i t e r i o n )  o c c u r s  e a r l i e s t  f o r  t h e  
h igh-ampl i tude  case:   a t  U t / c  = 3.7, and l a t e s t  f o r  A = 0: a t   about  
Uot/c = 4.7. T h i s   o r d e r   o f   o n s e t ,   i n   t e r m s   o f   t h e   v a l u e s   o f  A, is oppo- 
s i t e  t o  t h e  o r d e r  o b s e r v e d  a t  t h e  h i g h e r  f r e q u e n c y .  The d i f f e r e n c e  i s  
p r o b a b l y  a s s o c i a t e d  w i t h  t h e  f a i l u r e  o f  t h e  r e v e r s a l  p o i n t  t o  move a f t ,  
d u r i n g  t h e  s e c o n d  h a l f  o f  t h e  c y c l e ,  when U t /c = 4.0 (F igu re  36). A t  
the   lower   f requency ,   the   reversa l   po in t  moves f o r w a r d ,  d u r i n g  t h e  f i r s t  
h a l f - c y c l e ,  and subsequently  remains  near i t s  f u r t h e s t - f o r w a r d  p o s i t i o n ,  
l e a v i n g  an ex tens i ve  reg ion  o f  r e v e r s e d  f l o w ,  f o r  t h e  d u r a t i o n  o f  t h e  
mot ion.  I t  i s   i n t e r e s t i n g   t o   n o t e   t h e   w i d e   v a r i a t i o n   i n   t h e   t e r m i n a l  
pos i t i ons  o f  t he  reve rsa l  po in t ,  ove r  the  range  o f  amp l i t udes  cons ide red :  
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from about x = 0.6c, when A = 0, t o  a b o u t  0 . 3 4 ~  when A = 0.5 ( F i g u r e  
36). 
I t  i s  c l e a r  t h a t ,  a t  t h i s  r e l a t i v e l y  low  f requency,  the  behavior o f  t h e  
boundary  l aye r  i s  s t rong ly  i n f l uenced  by the   adverse   p ressure   g rad ien ts  
p r e s e n t  d u r i n g  t h e  f i r s t  h a l f  c y c l e .  The a l l e v i a t i o n  o f  t h e s e  g r a d i e n t s ,  
d u r i n g  t h e  second h a l f  c y c l e ,  has   less   e f fec t   than i t  does a t  h i g h e r  
f r e q u e n c i e s ,   a l t h o u g h   t h e   e f f e c t s   a r e   s t i l l   n o t i c e a b l e .   T h i s  can  be 
seen by comparing  the movement o f  t h e  r e v e r s a l  p o i n t  f o r  t h e  c a s e :  
U t / c  = 4.0, A = 0.5, i n  F i g u r e  36, w i t h  t h e  dashed curve which corre- 
sponds t o   t h e   f r o z e n   f l o w :   U o t f / c  = 2.0, f f  = 0; t h e  two   f l ows   su f fe r  
t h e  same r e t a r d a t i o n  d u r i n g  t h e  i n t e r v a l  0 - < U t / c  < 2.0, b u t  d i f f e r e n t  
r e t a r d a t i o n s   t h e r e a f t e r .  
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1.3 THE NATURE OF UNSTEADY SEPARATION 
Some impor tant  conc lus ions concern ing the nature o f  unsteady separat ion 
o f  t h e  t u r b u l e n t  b o u n d a r y  l a y e r  a r e  s u g g e s t e d  b y  t h e  r e s u l t s  o f  t h e  compu- 
ta t  i ona l  exper imen ts  p resen ted  above. 
F i r s t :   t h e   r e l a x a t i o n  o f  a tu rbu len t   boundary   l aye r ,   wh ich  has  been 
s u b j e c t e d  t o  a n  i n i t i a l  r e t a r d a t i o n  s t r o n g  enough t o  cause  reversa l ,  
towards a s t e a d y   s t a t e   s e p a r a t i o n ,   i s   a c h i e v e d   i n  a f i n i t e  t i m e .  I t  was 
suggested, i n  Reference [ l ] , t h a t  t h e  r e l a x a t i o n  t i m e  i s  o f  t h e  same order  
a s  t h e  t i m e  t a k e n  f o r  t h e  f l u i d  to be  convected o f f  t h e  p a r t  o f  t h e  s u r -  
face  ahead o f  t h e   u l t i m a t e   p o i n t   o f   s e p a r a t i o n .  The p r e s e n t   r e s u l t s  
s u p p o r t   t h i s   h y p o t h e s i s :   t h e   c a l c u l a t i o n s   f o r   t h e   f r o z e n  f low i n   w h i c h  
U t /c = 0.2, f f  = 0, i n d i c a t e  i n c i p i e n t  s e p a r a t i o n  a t  x = 0 . 2 7 ~  i n  a 
t i m e  U t / c  = 2.0, i m p l y i n g  t h a t  a l l  o f  t h e  f l u i d  w i t h  an average ve loc i ty  
exceed i ng 0.1 5U0 had been rep laced by new f 1 u i d enter ing the boundary 
l a y e r   a f t e r   t i m e  t f .  I n   t h e   c a s e ,   j u s t   m e n t i o n e d ,   t h e   i n i t i a l   r e t a r d a -  
t i o n  was abrupt ;   in   cases  where t h e  r e t a . i d a t i o n  i s  more gradual   the  t ime 
necessary t o   r e a c h   i n c i p i e n t   s e p a r a t i o n   i s   l o n g e r .  However, t h e   f i n a l  
d i ve rgence   t owards   s ingu la r   cond i t i ons ,  as separa t ion  i s  approaches, i s  
rap id ,  w i th  the  d i sp lacemen t  th i ckness  i nc reas ing  rough ly  exponen t ia l l y  
w i t h   t i m e .  
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Second: t h e   a p p r o a c h   t o   t h e   s e p a r a t i o n   s i n g u l a r i t y ,   i n   o s c i l l a t o r y   f l o w s ,  
appears t o  be a f u n c t i o n  o f  b o t h  t h e  l o n g - t i m e - a v e r a g e ,  and the  i ns tan -  
taneous,   pressure  gradients .  A t  l o w   f r e q u e n c i e s ,   t h e   e f f e c t s  o f  t h e  
adverse  ins tan taneous pressure  grad ien ts  seem t o  dominate,  and  separation 
c a n  o c c u r  d u r i n g  t h e  f i r s t  h a l f - c y c l e  i f  t h e  g r a d i e n t s  a r e  s u f f i c i e n t l y  
severe. A t  h igher   f requencies,   the  approach t o  separat ion  appears t o  
depend  more on  the  t ime-ave rage  p ressu re  g rad ien ts ,  wh i l e  the  na tu re  o f  
the  i ns tan taneous  g rad ien ts  may be  such  as to  have a d e l a y i n g  e f f e c t  o n  
separa t ion   onset .   In   one  o f   the   cases   examined (U  t /c = 2.0, A = 0 . 5 ) ,  
three complete cycles were completed without evidence of  imminent separa- 
t i o n  even though the average gradients  were large enough to provoke  sepa- 
r a t i o n  a f t e r  two cyc les  (as  can be  seen f rom the  resu l ts  fo r  U t / c = 2 . 0 ,  
A = 0 ) .  
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The de lay  o f  separa t ion  onset ,  observed in  the  osc i l la to ry  cases ,  where  
t h e  a m p l i t u d e  i n  l a r g e ,  i s  e v i d e n t l y  a s s o c i a t e d  w i t h  t h e  a l l e v i a t i o n  o f  
t h e  p r e s s u r e  g r a d i e n t s  d u r i n g  t h e  p a r t s  o f  t h e  c y c l e  when t h e  e x t e r n a l  
v e l o c i t i e s   a r e   i n c r e a s i n g   w i t h   t i m e :   i n s t a n t a n e o u s l y   f a v o r a b l e   g r a d i e n t s  
can e x i s t ,  a t  s u f f i c i e n t l y  h i g h  a m p l i t u d e s  and f requencies,  which of fset  
the  t ime-average  adverse  gradients .  On t h e   o t h e r  hand, t h e   e x i s t e n c e   o f  
f avo rab le   i ns tan taneous   p ressu re   g rad ien ts   i s   no t  enough to   gua ran tee   t he  
avo idance  o f  separa t i on  -- o r  even to  gua ran tee  the  rees tab l i shmen t  o f  
f o r w a r d  f l o w  i n  p l a c e  o f  a reversed- f low region.  
I n  some cases  the  reve rsed - f l ow  reg ion  d id  van ish  du r ing  the  phases o f  
the  mot ion when t h e   p r e s s u r e   g r a d i e n t s   w e r e   f a v o r a b l e .   I n   o t h e r s ,   n o t  
on l y  d id  the  reve rsed - f l ow  reg ion  pe rs i s t  du r ing  such  phases ,  bu t  t he  
e x t e n t  o f  t h e   r e g i o n   a c t u a l l y   i n c r e a s e d .   T h i s   t y p e  of behavior  seemed 
t o  o c c u r  when t h e  f l o w  i n  t h e  b o u n d a r y  l a y e r  was a l r e a d y  r e t a r d e d  t o  a 
degree  where  separat ion  could  be  expected t o  o c c u r   s h o r t l y :   t h e  change 
to  favo rab le  p ressu re  g rad ien ts  was then " too  la te"  to  save the  boundary  
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layer   f rom  separat ing.   F igures 37 through 40 c o n t r a s t ,  i n  more d e t a i l ,  
the cases where recovery was achieved, wi th those where it was n o t  
achieved.  Figures 37,38 show a typ ica l   recovery   f rom  reversed  f low  to  
fo rward  f low,  as the  p ressu re  g rad ien t  changes s i g n  f r o m  p o s i t i v e  t o  
n e g a t i v e .   T h e s e   r e s u l t s ,   w h i c h   a r e   f o r   t h e   o s c i l l a t o r y   f l o w :  U t / c  = 
2.0, A = 0.5, show t h e  v e l o c i t y  p r o f i l e s  b e f o r e  and a f te r  t he  recove ry .  
The boundary- layer  th ickness  increases  as a r e s u l t  o f  t h e  r e c o v e r y ,  
a l though  the  d isplacement  h ickness  decreases  (Figure 15) .  F igures 39, 
40 show a c a s e  w h i c h  f a i l s  t o  r e c o v e r  (U  t /c = 4.0, A = 0.5) d e s p i t e  a 
s i m i l a r  change in   t he   p ressu re   g rad ien t ;   i ns tead ,   t he   reve rsa l   po in t  
moves further  upstream,  accompanied by  an abrupt   increase  in   the  boundary-  
l aye r   t h i ckness   ove r   t he   reve rsed - f l ow   reg ion .   Th i s   l a t te r   e f fec t   i s  
r e m i n i s c e n t  o f  t h e  f l o w  p a t t e r n s ,  r e p o r t e d  i n  R e f e r e n c e  [71, d e p i c t i n g  
the  approach  to  s ingu la r  cond i t i ons ,  a l t hough  the  onse t  o f  a s i n g u l a r i t y  
( a c c o r d i n g  t o  t h e  s u r r o g a t e  c r i t e r i o n :  6" - 0.1 c) has not yet been 
reached i n  t h e  s o l u t i o n  p l o t t e d  i n  F i g u r e  40. A more d e t a i l e d  examina- 
t i o n  o f  t h e  r e s u l t s  i n d i c a t e s ,  however, t h a t  t h e  s o l u t i o n  i n  F i g u r e  40 
a l ready   con ta ins  a s i n g u l a r i t y .  F i g u r e  41 shows a p l o t  o f  t h e  v e l o c i t y  
a t  y = 0 .1 ,  ve rsus  x ,  f o r  t he  two  se ts  o f  resu l t s ,  be fo re  and a f t e r  t h e  
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change in   p ressu re   g rad ien t .   I n   t he   case   where   recove ry  i s  ach ieved,   the 
progress ion f rom reversed to  forward f low is  accompanied by  a smooth, 
c o n t i n u o u s  v a r i a t i o n  o f  v e l o c i t y  w i t h  x .  I n  c o n t r a s t ,  i n  t h e  c a s e  where 
recove ry  d id  no t  t ake  p lace ,  a d i s c o n t i n u i t y  i n  v e l o c i t y  o c c u r s ,  and t h e  
p a r t  o f  t h e  s o l u t i o n  w h e r e  U > 0 l oses  con tac t  w i th  the  pa r t  where  U < 0. 
The l a r g e  v a l u e s  o f  alJ/ax, a c r o s s  t h e  d i s c o n t i n u i t y ,  g i v e  r i s e  t o  l a r g e  
v a l u e s  o f  aV/ay,  and correspondingly large values of  V ,  which  are  
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re f l ec ted  i n  the  g rowth  o f  t he  boundary - laye r  th i ckness  seen  in  F igu re  
40, bu t  t hey  have  no t  ye t  been t r a n s l a t e d  i n t o  v a l u e s  o f  6" exceeding 
0 . 1 ~ .  Nor  does the   so lu t ion   imp ly   an   excess ive ly   la rge   normal   p ressure  
g r a d i e n t ,   a t   t h i s   s t a g e .  Two conc lus ions   t he re fo re  seem t o  emerge: 
( 1 )  t h a t  t h e  f a i l u r e  o f  a boundary  layer  to  recover  forward  f low  upon a 
change i n  t h e  p r e s s u r e  g r a d i e n t  i s  i n d i c a t i v e  o f  an i n c i p i e n t  s i n g u l a r i t y ,  
and ( 2 )  t h a t  t h e  o n s e t  o f  a s i n g u l a r i t y  may no t   a lways   resu l t   in   an   immedia te  
gross  th ickening  of   the  boundary  layer.   This  second  conclusion  needs  to 
be examined  more c a r e f u l l y  i n  f u t u r e  work  because s i n g u l a r i t y  o n s e t  has 
no rma l l y  been i d e n t i f i e d   w i t h  imminent  separat ion.  The present  computa- 
t i o n a l  framework  would  not be p a r t i c u l a r l y  a p p r o p r i a t e  f o r  s u c h  a n  examina- 
t i o n  because o f  t h e  c o a r s e n e s s  o f  t h e  mesh i n  t h e  x -  y plane, and  because 
t h e r e  may be some suppress ion  o f   large  tempora l   gradients   (even  though 
shor t   t ime  s teps   were   used) .  Some a n a l y t i c a l  s t u d i e s  w o u l d  a p p e a r  t o  o f f e r  
more prospect of success. 
Meanwhi le,  the possibi  1 i t y  e x i s t s  t h a t  a sequence o f  events  takes  p lace ,  
p r i o r  t o  t h e  f i n a l  s e p a r a t i o n  o f  t h e  f l o w ,  i n  w h i c h  t h e  e x t e n t  o f  f l o w  
reversa l   increases,   and  th ickening  o f   the  boundary  layer   occurs,   regard-  
less o f  any a l l e v i a t i o n  o f  t h e  s e p a r a t i o n - p r o v o k i n g  p r e s s u r e  g r a d i e n t s .  
I n  none o f  t h e  cases  discussed  here was a re t rea t  f rom imminent  separa t ion  
observed,  a l though i t  may be demonstrated by fur ther  work that  the imposi -  
t i o n  o f  s u f f i c i e n t l y  s t r o n g  f a v o r a b l e  g r a d i e n t s  w o u l d  b r i n g  t h i s  a b o u t .  
I t  i s  i n t e r e s t i n g  t o  draw a p a r a l l e l ,  h e r e ,  w i t h  t h e  h y s t e r e s i s  e f f e c t  
o b s e r v e d   i n   d y n a m i c   s t a l l :   t h e   r e c o v e r y   o f   t h e   f l o w   o n   t h e   a i r f o i l   i s  
no t   ach ieved   un t i l   t he   i nc idence   i s   reduced   subs tan t i a l l y   be low  the   l eve l  
r e a c h e d   b e f o r e   s t a l l   o c c u r r e d  [ l o ] .  The f low  around a p i t c h i n g  a i r f o i l  
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i s  c l e a r l y  m o r e  c o m p l i c a t e d  t h a n  t h e  f l o w s  d i s c u s s e d  i n  t h i s  r e p o r t ;  i n  
p a r t i c u l a r ,  t h e  v o r t e x  shed from the leading edge o f  t h e  a i r f o i l  p l a y s  an 
impor tan t   ro le   i n   t he   hys te res i s   p rocess .   Never the less ,  a g e n e r a l   r u l e  
may be  emerg ing  that ,   once  the  separat ion mechanism i s  i n i t i a t e d ,  i t  i s  
necessa ry  to  take  d ras t i c  s teps ,  i n  te rms  o f  a  change o f  e x t e r n a l - v e l o c i t y  
cond i t i ons ,  to res to re   t he   boundary   l aye r   t o  an a t tached   cond i t i on .  Some 
f u r t h e r  c a l c u l a t i o n s ,  o n  t h e  p r e s e n t  l i n e s  c o u l d  u s e f u l l y  b e  done t o  p u r -  
sue t h i s  p a r t i c u l a r  o b j e c t i v e .  
PART I I .  LAMINAR FLOW CALCULATIONS 
11.1 NATURE  OF  THE  FLOWS CONSIDERED 
The laminar - f low s tud ies  were  car r ied  ou t  fo r  incompress ib le ,  two-d imen-  
s ional ,   t ime-dependent   f low  over  a f l a t  s u r f a c e .  The v i scous   po r t i on   o f  
t h e  f l o w  was t a k e n  t o  be boundary - laye r - l i ke ,  i nso fa r  as  the  l ong i tud ina l  
e x t e n t  o f  t h e  f l o w  was assumed t o  be large compared w i t h  i t s  t r a n s v e r s e  
ex ten t ,  and t h e  p o t e n t i a l - f l o w  v e l o c i t y  was prescr ibed a long the  upper  edge 
o f  t h e  i n t e g r a t i o n  doma in ,   wh ich   ran   pa ra l l e l   t o   t he   wa l l .  On t h e   o t h e r  
hand, no  assumption was  made abou t  the  sma l lness  o f  second  de r i va t i ves  i n  
t h e  l o n g i t u d i n a l  d i r e c t i o n  ( e x c e p t  a t  t h e  downstream  end o f  the  domain) ,  and 
no r e s t r i c t i o n  was p laced  upon  the  va r ia t i on  of s t a t i c  p r e s s u r e  n o r m a l  t o  
t h e  w a l l :  t h e  s o l u t i o n  i n  t h e  i n t e r i o r  o f  t h e  domain  corresponds t o  t h e  
f u l l  unsteady  Navier-Stokes  equations.  Detai 1s o f   t he   equa t ions ,  and t h e  
numerical  scheme used t o  s o l v e  them, a re  g iven in  Append ix  B. 
I t  was assumed tha t  the  ups t ream edge o f  t h e  p l a t e ,  upon which the f low 
was developing, was a sharp  leading  edge. A t  t h e  downstream end o f  t h e  
p l a t e ,  i t  was assumed t h a t  ( r e g a r d l e s s  o f  i t s  e a r l i e r  c o n d i t i o n ,  f u r t h e r  
upst ream) the f low had recovered to  a form which was c o n s i s t e n t  w i t h  t h e  
f i r s t -o rde r  boundary - laye r  app rox ima t ions ;  t h i s  assumpt ion  was  made i n  o r d e r  
t o  a v o i d  t h e  need f o r  s p e c i f y i n g  t h e  downstream v e l o c i t y  and v o r t i c i t y  p r o -  
f i l e s .  The r e g i o n  o f  i n t e r e s t  was t h e  p o r t i o n  o f  t h e  f l o w  o v e r  t h e  c e n t r a l  
p a r t  o f  t h e  p l a t e ,  w h e r e  r e v e r s a l  was induced by  su i tab le  cho ice  o f  the  
e x t e r n a l  v e l o c i t y  d i s t r i b u t i o n s .  These d i s t r i b u t i o n s   w e r e   s i m i l a r   t o   t h o s e  
def  i ned by Equations (1,2,3) , above, and the same Val ues o f  x / c  and x k c  
0 1 
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were  used.  The  Reynolds number: U c/v, was taken   t o   be  IO . 4 
0 
R e s u l t s  a r e  p r e s e n t e d  h e r e  f o r  a s i n g l e  c a s e ,  v i z .  a " f rozen f low,"  o f  
t h e  t y p e  c o n s i d e r e d  i n  P a r t  I ,  above w i t h  U t /c = 2.0, and f = 0.5. 
These r e s u l t s  a r e  o f  i n t e r e s t  b o t h  i n  t h e m s e l v e s  and inso far  as  they  may 
be  compared .and  con t ras ted  w i th  the  resu l t s  o f  the corresponding turbu-  
l e n t  c a l c u l a t i o n  w h i c h  has already been descr ibed. 
o f  f 
The i n i t i a l  c o n d i t i o n s ,  a t  t = 0, correspond to s teady,   constant -pressure 
f low,  and  were  generated  by means o f  a t i m e - r e l a x a t i o n  c a l c u l a t i o n ;  a n  
approx ima te  so lu t i on  was assumed, and  then  the  ca l cu la t i on  was advanced i n  
t i m e  u n t i l  t h e  s t e a d y - s t a t e  s o l u t i o n  was obta ined;  A t  the  h igh  Reynolds 
number, f o r  w h i c h  t h e  c a l c u l a t i o n  was performed, it would be expected that  
t h e  e x a c t  s d l u t i o n  o f  the Navier-Stokes equat ions would be c l o s e  t o  t h e  
B l a s i u s  s o l u t i o n  o f  the  laminar  boundary- layer  equat ions ,  the  on ly  s ign i f i -  
c a n t  d i f f e r e n c e  i n  b o u n d a r y  c o n d i t i o n s  l y i n g  i n  t h e  c o n f i n e d  domain i n  
wh ich  the  p resen t  f l ow  was assumed t o  be d e v e l o p i n g ;  t h e  h e i g h t  o f  t h e  domain 
was t a k e n  t o  b e  0 . l c  a t  t = 0. The v e l o c i t y  p r o f i l e s  produced  by the   t ime  
re laxa t i on  p rocess  a re  compared w i t h  t h e  B l a s i u s  p r o f i l e s  i n  F i g u r e  42. 
Ca lcu la t i ons  were  done for  t h r e e  d i f f e r e n t  mesh d e n s i t i e s :  
(a)  Ax = O.lc, Ay = 0 . 0 1 ~  ( 1 1  x 1 1  node p o i n t s )  
(b) Ax = 0 . 0 5 ~ ~  Ay = 0 . 0 0 5 ~  (21 x  21 node p o i n t s )  
(c)  Ax = O.O25c, Ay = 0 . 0 0 2 5 ~  (41  x 41 node p o i n t s )  
I t  will be  seen from F i g u r e  42 tha t  t he  ag reemen t  w i th  the  B las ius  so lu -  
t i o n  i s  good f o r  t h e  f i n e s t  mesh, t o l e r a b l e  for  the  medium-density mesh, 
and  poor f o r  t h e  c o a r s e  mesh, p a r t i c u l a r l y  o v e r  t h e  u p s t r e a m  h a l f  o f  t h e  
p la te .   There   a re   two  ma in   reasons   fo r   the   poor   agreement ,   in   th is   las t  
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case: f i r s t ,  t h e  number o f  node po in ts   t h rough   the   boundary   l aye r   i s  
t o o  s m a l l  t o  g i v e  p r o p e r  r e s o l u t i o n  o f  t h e  h i g h e r  d e r i v a t i v e s  i n  t h e  
y - d i r e c t i o n ,  and  second, the  w ide  mesh s p a c i n g  i n  t h e  x - d i r e c t i o n  l e a d s  
t o  i n a d e q u a t e  r e s o l u t i o n  o f  t h e  l o n g i t u d i n a l  d e r i v a t i v e s  a s s o c i a t e d  w i t h  
the f low near  the leading-edge.  
Some comments need t o  be made h e r e  c o n c e r n i n g  t h e  a r t i f i c i a l  v i s c o s i t y ,  
in t roduced by t h e  f i n i t e  mesh s i z e ,  a n d  i t s  e f f e c t  o n  t h e  q u a l i t y  o f  t h e  
s o l u t i o n .  The a p p r o p r i a t e  measures  of a r t i f i c i a l  v i s c o s i t y  a r e  t h e  two 
c e l l  Reynolds  numbers: UAx/v and  VAy/v,  which m u l t i p l y  second  der iva- 
t i v e s   i n   t h e   x -  and y - d i r e c t i o n s ,   r e s p e c t i v e l y .  I f these  ce l l   Reynolds 
numbers are  everywhere  smal l  compared t o  2 ,  t he  so lu t i on  can  be  regarded 
as v a l i d ;  o t h e r w i s e  t h e  e f f e c t i v e  R e y n o l d s  number o f  t h e  s o l u t i o n  i s  
reduced, a t  l e a s t  i n  t h e  r e g i o n s  o f  t h e  f l o w  where  those  condi t ions  are 
n o t  s a t i s f i e d .  Now, i n   t h e   p r e s e n t   f l o w ,   a t  t = 0, t h e   t r a n s v e r s e   c e l l  
Reynolds  number: VAy/v i s  a t  most   about   un i ty ,   even  fo r   the   coarse  mesh, 
and so i t s  e f f e c t s  o n  t h e  d e r i v a t i v e s :  a 2 / a y 2 ,  c a n n o t  be  considered 
se r ious .  The long i tud ina l   ce l l   Reyno lds  number:  UAx/v, i s  much h ighe r  
than 2, even f o r  t h e  f i n e s t  mesh,  and can scarce ly  be  reduced t o  2 w i t h o u t  
p l a c i n g  an enormous  number o f  node p o i n t s  i n  t h e  x - d i r e c t i o n .  However, 
it a f f e c t s  o n l y  t h e  second d e r i v a t i v e s  i n  x w h i c h ,  f o r t u i t o u s l y  a r e  s m a l l  
f o r  t h e  c o n s t a n t - p r e s s u r e  f l o w ;  t h e s e  d e r i v a t i v e s  a r e  n e g l e c t e d  a l t o g e t h e r  
i n   t he   B l .as ius   so lu t i on .   Consequen t l y ,   t he   so lu t i on   f o r  t = 0 appears 
t o  be r e l a t i v e l y  f r e e  o f  t h e  e f f e c t s  o f  a r t i f i c i a l - v i s c o s i t y .  The same 
cannot be sa id   o f   t he   subsequen t   so lu t i ons   f o r  t > 0, however.  There, 
VAy/v would  begin  to  exceed  2,   even  for   the  f inest  mesh, and, a l s o ,  
second d e r i v a t i v e s   i n  x s t a r t  t o  become s i g n i f i c a n t .  Thus a r t i f i c i a l -  
v i s c o s i t y  becomes a more ser ious  problem as t ime  increases,  and t h i s  f a c t  
needs t o  be  borne i n  m ind  du r ing  the  d i scuss ion  of the  resu l t s  th roughou t  
t h i s  s e c t i o n .  
On the  bas is  o f  the  compar isons  shown i n  F i g u r e  42,  and f o r  reasons o f  
computat ional  economy, i t  was dec ided to  use the medium-densi ty  mesh f o r  
the   t ime-dependent   ca lcu la t ions   fo r  t > 0. I n  o r d e r  t o  a l l o w  f o r  t h e  
g r o w t h  o f  t h e  v i s c o u s  r e g i o n ,  t h e  h e i g h t  o f  t h e  domain was a l l o w e d  t o  
inc rease  w i th   t ime:  f r o m  O . l c ,  a t  t = 0, t o   0 . 2 ~ ~   a t  t = 5c/U0, a f t e r  
wh ich   the   he igh t  was he ld   cons tan t .   Th is  scheme p roved   to   be   sa t i s fac -  
t o r y ,  i n  t h e  l i g h t  o f  t h e  s o l u t i o n s  o b t a i n e d ,  b u t  i t  must be  remembered 
t h a t  t h e  s o l u t i o n s  a r e  n o t  i n d e p e n d e n t  o f  t h e  e x t e n t  o f  t h e  domain  because 
the Navier-Stokes equat ions permit  pressure gradients to develop normal 
t o  t h e  w a l l .  The s p e c i f i e d   r a t e   o f   i n c r e a s e   o f   h e i g h t   m u s t ,   t h e r e f o r e ,  
be inc luded among t h e  s i g n i f i c a n t  boundary  condi t ions imposed  on t h e  
f l ow .  
The p r e s c r i b e d  v a r i a t i o n  o f  U, along the upper edge o f  the domain -- 
a c c o r d i n g  t o  t h e  d e f i n i t i o n  o f  t h e  f r o z e n  f l o w  c o n s i d e r e d  -- represents 
a second  boundary  cond i t i on ,  and  the  va r ia t i on  o f  V represents  a t h i r d .  
I t  emerged t h a t  t h e  p r o p e r  v a r i a t i o n  o f  V ,  along  the  upper  edge, had t o  
be chosen w i t h  some care.  I f  V i s   t a k e n   t o  be z e r o ,   t h e r e ,   c o n t i n u i t y  
demands t h a t  t h e  r e t a r d a t i o n  o f  U, a t  the  boundary ,  has t o  be o f f s e t  by 
an a c c e l e r a t i o n  w i t h i n  t h e  domain.   Consequent ly,   the  f low  near  the  wal l  
f ee l s  l ess  re ta rda t i on  than  the  f l ow  a t  t he  upper  boundary ,  and t h e  a l l e -  
v i a t i o n  o f  t h e  l o n g i t u d i n a l  p r e s s u r e  g r a d i e n t s ,  due t o  t h e  e f f e c t s  o f  
the  normal   ones,   increases  wi th   the  he ight   o f   the  domain.  A r e t a r d a t i o n  
imposed a t  a l a rge  d i s tance  f rom the  wa l l  has 1 i t t l e   o r  no e f f e c t  on the 
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v iscous  f low,   and may no t   be   la rge  enough t o   p r o d u c e   r e v e r s a l .   I n  an 
a t t e m p t  t o  r e d u c e  t h e  e x t e n t  o f  t h e  a c c e l e r a t i o n s  w i t h i n  t h e  domain, V 
was g i v e n  a pos i t i ve   va lue ,   on   t he   upper   boundary ,   f o r  0 < x < x and - 0’ 
1 a nega t i ve  va 
saU/ax,  where 
t o  o f f s e t  t h e  
ue f o r  x < x < c .   S p e c i f i c a l l y ,  V was p u t   e q u a l   t o  
s i s  t h e  h e i g h t  o f  t h e  domain, which extracted enough mass 
decrease i n  U a t   t he   boundary .  I t  was n o t   l a r g e  enough t o  
0 
p r e v e n t  a c c e l e r a t i o n s  e n t i r e l y ,  w i t h i n  t h e  domain, bu t  exper imenta t ion  
showed t h a t . s u c h  l a r g e  v a l u e s  o f  V were  needed t o  a c h i e v e  t h i s  t h a t  t h e  
c e l l  Reynolds-number  problem was ser ious ly   aggravated .  I t  s u f f i c e s   t o  
say t h a t  t h e  p e r f o r m a n c e  o f  t h e  p r e s e n t  l a m i n a r  c a l c u l a t i o n s  was not as 
s t r a i g h t f o r w a r d  as i t  might  seem, a t   f i r s t   s i g h t .   T h r e e   s e e m i n g l y  sepa- 
ra te   p rob lems:   the   cho ice   o f   the   he igh t  o f  the  domain,   the  choice  o f  
t he  V -d i s t r i bu t i on  a long  the  upper  boundary ,  and t h e  a r t i f i c i a l - v i s c o s i t y  
p rob lem,  a re  ac tua l l y  c lose ly  re la ted  ( compu te r  t ime  i s  a f o u r t h  r e l a t e d  
problem),  and a s u i t a b l e  compromise  had t o  be found that  a t tempted to  
s a t i s f y  a l l  o f  them. 
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11.2 COMPUTATIONAL  EXPERIMENTS 
The c a l c u l a t i o n s  f o r  t h e  f r o z e n  f l o w  ( i n  w h i c h  U t / c  = 2.0) were con- 
t inued  up  to a t ime  leve l :   Uot /c  = 8.0. T y p i c a l   v e l o c i t y   p r o f i l e s  
th rough  the  v i scous - f l ow  reg ion  a re  shown i n  F i g u r e s  43 through 45, and 
t h e  l o n g i t u d i n a l  d i s t r i b u t i o n s  o f  wa l l  shear  s t ress  and  displacement 
t h i c k n e s s   a r e   p l o t t e d   i n   F i g u r e s  46,47. Several o f  t h e  v e l o c i t y  p r o f i l e s  
e x h i b i t  a n  o v e r s h o o t  w h i c h  r e f l e c t s  t h e  a c c e l e r a t i o n  w i t h i n  t h e  domain, 
mentioned  above,  which  tends t o  a l l e v i a t e  t h e  a p p l i e d  r e t a r d a t i o n .  N e v e r -  
t h e l e s s ,  i n  s p i t e  o f  t h i s  d e g r e e  o f  a l l e v i a t i o n ,  r e v e r s a l  o c c u r s  a t  t h e  
wa l l ,  and  the  reg ion  of reversal   extends  over  most o f  t h e  p l a t e  a t  t h e  
h ighes t   ime  leve l   reached.  
o f  
F igures  46,47 may be  compared w i t h  F i g u r e s  6,7 w h i c h  r e l a t e  t o  t h e  c o r r e -  
sponding  turbulent   boundary  layer .  A number o f   s i g n i f i c a n t   d i f f e r e n c e s  
may be  noted  between  the  two  sets of r e s u l t s .   F i r s t ,   r e v e r s a l   t a k e s  
p l a c e  b e f o r e  t = t f ,  i n  t h e  l a m i n a r  f l o w ,  whereas i t  d i d  n o t  o c c u r  u n t i l  
some t i m e   l a t e r   i n   t h e   t u r b u l e n t   f l o w .  Second, t h e   e x t e n t   o f   r e v e r s e d  
f low i s   s u b s t a n t i a l l y   l a r g e r   i n   t h e   l a m i n a r  c a s e .   T h i r d ,   t h e   v a r i a t i o n  
o f  w a l l  s h e a r  s t r e s s  i s  c h a r a c t e r i s t i c a l l y  d i f f e r e n t  i n  t h e  two  cases: 
i t  i s  n o t  o n l y  more g radua l ,   i n   t he   l am ina r   f l ow ,   bu t  i t  e x h i b i t s  a double 
minimum a t  t h e  h i g h e r  t i m e  l e v e l s :  a double minimum d i d  n o t  o c c u r  i n  t h e  
p r e s e n t  t u r b u l e n t  f l o w s ,  and  indeed  has  never  been  observed i n  any  of 
t he   t u rbu len t   ca l cu la t i ons   pe r fo rmed   by  us s o  f a r .  F i n a l l y ,  and  perhaps 
most  important.  The  abrupt  changes o f   d i sp lacemen t   t h i ckness ,   assoc ia ted  
w i t h  s i n g u l a r i t y  o n s e t  i n  t h e  t u r b u l e n t  b o u n d a r y  l a y e r ,  a r e  c o m p l e t e l y  
a b s e n t   i n   t h e   l a m i n a r  f low. F i g u r e  47 i nd i ca tes   t ha t   he   d i sp lacemen t  
t h i ckness  i s  t end ing  towards  a s t a b l e ,  s t e a d y - s t a t e  s o l u t i o n ;  i t  must  be 
remembered tha t  the  Nav ie r -S tokes  equat ions  admi t  so lu t ions  cor respond ing  
to  s teady-state separat ion,  whereas the f i rs t -order  boundary- layer  equa-  
t i o n s  do not.   The  t rend  towards  an  asymptot ic  solut ion  is   emphasized i n  
F igures 48,49 which show t h e  v a r i a t i o n  o f  t h e  w a l l  s h e a r  s t r e s s  and d i s -  
p lacement   h ickness   w i th   t ime,   fo r  one p o i n t  on   t he   p la te .  I t  i s  i n t e r -  
e s t i n g  t o  n o t e ,  f r o m  F i g u r e  48, t ha t   t he   wa l l   shear   s t ress   i n   t he   l am ina r  
f l o w  i s  o f  subs tan t i a l l y  l a rge r  magn i tude  than . tha t  i n  the  tu rbu len t  case .  
T h i s  d i f f e r e n c e  i s  p a r t l y  due t o  t h e  d i f f e r e n c e  i n  t h e  Reynolds  number: 
l a m i n a r ,   f l a t - p l a t e   s k i n   f r i c t i o n   a t  R = 10 i s   r o u g h l y   t w i c e   t h e   t u r b u -  
l e n t ,   f l a t - p l a t e   s k i n   f r i c t i o n   a t  R = 10 . The d i f f e r e n c e   i s   a c c e n t u a t e d ,  
e 
here,  because o f  t h e  l a r g e r  e x t e n t  o f  t h e  r e v e r s e d - f l o w  r e g i o n ,  i n  t h e  
laminar  case,  and  because o f  t h e  n a t u r e  o f  t h e  v e l o c i t y  g r a d i e n t s  w i t h i n  
4 the  reg ion.  The d isp lacement   h ickness   in  a l a m i n a r   f l o w   a t  R = 10 i s  
about   the same as t h a t  i n  a tu rbu len t   boundary   l aye r   a t  R = lo7,  and 
F igu re  49 shows t h a t  6" i s  o f  comparable  magnitude, i n  t h e  two  cases 
cons ide red   he re ,   ove r   t he   i n i t i a l   t ime   s teps .  The m a j o r   d i f f e r e n c e   i n  
b e h a v i o r  f o r  l a r g e r  t i m e s ,  l i e s  i n  t h e  a b r u p t  i n c r e a s e  o f  6' w i t h  t i m e ,  
i n  t h e  t u r b u l e n t  f l o w ,  compared w i th  the  p rog ress i ve  i nc rease  towards  an  
asymptote  in   the  laminar   f low.  
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I t  might  have been expec ted  tha t  the  laminar  ca lcu la t ions  wou ld  exh ib i t  
some development which, although not o f  t h e  p r o p o r t i o n s  o f  a s i n g u l a r i t y ,  
would i n  some  way resemb le  the  s teepen ing  g rad ien ts  cha rac te r i s t i c  o f  t he  
s i n g u l a r i t y   o b s e r v e d   i n   t h e   t u r b u l e n t   b o u n d a r y - l a y e r   c a l c u l a t i o n s .  How- 
eve r ,  t he  ve loc i  t y  p ro f  i l es i n  F i g u r e s  43 through 45 show no such devel - 
opment: the   abrup t  changes i n  t h e  x - d i r e c t i o n  -- t y p i f i e d  by F igu re  40, 
30 
for example -- seem t o  be comple te ly  absent  in  the  present  laminar  
r e s u l t s .   I n c l u s i o n   o f   t h e  second d e r i v a t i v e s   i n  x appear t o  have  had  the 
e f f e c t  o f  i n h i b i t i n g  t h e  f o r m a t i o n  o f  a n y  r e g i o n  o f  u n u s u a l l y  l a r g e  g r a -  
d ien ts .  The o n l y  f e a r  i s  t h a t  a r t i f i c i a l - v i s c o s i t y  e f f e c t s  may have  had 
t o o  l a r g e  an i n h i b i t i n g  e f f e c t  o n  t h o s e  d e r i v a t i v e s ,  and t h a t  a more 
a c c u r a t e  s o l u t i o n  o f  t h e  N a v i e r - S t o k e s  e q u a t i o n s ,  f o r  a Reynolds number 
o f  o rde r  l o4 ,  m i g h t  i n d e e d  e x h i b i t  f e a t u r e s  somewhat intermediate  between 
those   o f   t he   l am ina r  and t u r b u l e n t   r e s u l t s   o b t a i n e d   h e r e .   F u r t h e r  
s tud ies ,   perhaps   in   wh ich  a l a r g e  number o f  node p o i n t s  c o u l d  be concen- 
t r a t e d  w i t h  
these  fears 
I 
Be t h a t  as I 
n  a l i m i t e d  r e g i o n  o f  t h e  f l o w  f i e l d ,  m i g h t  
t may, a n o t h e r  a r e a  o f  i n t e r e s t ,  i n  t h e  lam 
s e r v e  t o  r e s o l v e  
i n a r  c a l c u l a t i o n s ,  
i n v o l v e s  t h e  d i s t r i b u t i o n  o f  v o r t i c i t y  t h r o u g h o u t  t h e  f l o w ,  and i t s  
v a r i a t i o n   w i t h   t i m e .   F i g u r e s  50 through 52 show contours   o f   cons tan t  
v o r t i c i t y   a t   t h r e e   t i m e   l e v e l s .   I n   t h e   i n i t i a l  phases o f  the  mot ion,  
t h e   v o r t i c i t y   c o n t o u r s   l i e   e s s e n t i a l l y   p a r a l l e l  to t h e   w a l l .  Subse- 
q u e n t l y ,  w i t h  i n c r e a s e  o f  t ime ,  the  con tou rs  become d i s t o r t e d ,  and a 
t o n g u e  o f  h i g h - v o r t i c i t y  f l u i d  moves o u t  i n t o  t h e  body o f  t h e  f l o w ,  
l eav ing  a r e g i o n  o f  l o w  o r  n e g a t i v e  v o r t i c i t y  b e t w e e n  i t  and t h e  w a l l .  
F i g u r e  52 may demonstrate,  on a smal I scale,  how v o r t i c i t y  i s  shed from a 
boundary  layer,   near  separat ion,   and moves  away f rom the  body  surface. 
T h e r e   i s ,   o f   c o u r s e ,  no separa t ion   "po in t "   as .such;   separa t ion  i s  a pro- 
g r e s s i v e  phenomenon, a s s o c i a t e d  w i t h  s t e a d i l y  t h i c k e n i n g  r e g i o n s  o f  v i s -  
c o u s  f l o w ,  a n d  c o r r e s p o n d i n g  m o d i f i c a t i o n  o f  t h e  o u t e r  i n v i s c i d  f l o w .  
CONCLUD ING REMARKS 
The c a l c u l a t i o n s   r e p o r t e d   h e r e i n :   o n   t h e   o n e  hand, u s i n g  t h e  t u r b u l e n t  
boundary- layer  equat ions,  and,  on the other ,  us ing the laminar  Navier -  
Stokes  equat ions,   were  intended  to  shed some l i g h t  o n  t h e  phenomenon o f  
unsteady boundary- layer  separat ion.  
E a r l i e r  work had  shown tha t   f low  reversa l ,   in   t ime-dependent   boundary  
l a y e r s ,  i s  n o t  a s ingu la r   even t ,  and i s  n o t  a s s o c i a t e d  w i t h  t h e  b r e a k -  
down o f  t he  boundary - laye r  
s t r a t e d  t h a t  a s i n g u l a r i t y  
steepening streamwise gradi  
and t h e  breakdown o f  those 
s i n g u l a r i t y  c o u l d  be i d e n t i  
approx imat ions.  However, i t  was a l s o  demon- 
cou ld   deve lop  some t i m e   l a t e r :   a s s o c i a t e d  w i t h  
en ts ,   g ross   t h i cken ing   o f   t he   boundary   l aye r ,  
app rox ima t ions ,  and  tha t  t he  onse t  o f  t he  
f i e d  w i t h  t h e  p h y s i c a l  s e p a r a t i o n  of t h e  f l o w  
The p r e s e n t  c a l c u l a t i o n s  o f  unsteady  turbulent  boundary  layers,   which 
i n c l u d e d  f l o w s  r e l a x i n g  i n  t i m e  and o s c i l l a t o r y  f l o w s ,  c o n f i r m  t h e  e x i s -  
t e n c e  o f  a f l o w  r e g i m e  i n  w h i c h  r e v e r s a l ,  b u t  n o t  s i n g u l a r  c o n d i t i o n s ,  
p r e v a i l s .  However ,   they  a lso  suggest   hat   s ingular i ty   onset  may n o t  
a lways  co r re la te  w i th  the  immed ia te  g ross  th i cken ing  o f  the  boundary  layer  
c h a r a c t e r i s t i c   o f   s e p a r a t i o n .   I n  some of  the  cases  examined, i t  appeared 
t h a t  s i n g u l a r i t y  o n s e t  was f o l l o w e d  by a phase o f  on l y  p rog ress i ve  
boundary- layer   th ickening;   indeed  the  on ly   unusual   gross  feature o f  the 
s o l u t i o n  was  a l ack  o f  respons iveness  to  changes of t he  p ressu re  g ra -  
d i e n t .   I n   t h i s   s i t u a t i o n ,   a l l e v i a t i o n   o f   t h e   a d v e r s e   p r e s s u r e   g r a d i e n t s  
d i d  n o t  b r i n g  a b o u t  a c o n t r a c t i o n  o f  t h e  r e v e r s e d - f l o w  r e g i o n  and t h e  
rees tab l i shment  o f  forward f low o v e r  t h e  s u r f a c e ;  i n  some cases  the 
e x t e n t  o f  the   reve rsed - f l ow   reg ion   ac tua l l y   i nc reased .  The phenomenon 
descr ibed was most n o t i c e a b l e  i n  o s c i l l a t o r y  f l o w s ,  when reversa l  was 
fbund t o  p e r s i s t  t h r o u g h o u t  t h e  c y c l e ,  d e s p i t e  t h e  p r e s e n c e  of ins tan-  
taneous ly  favorab le  p ressure  grad ien ts .  
I t  i s ,  o f  c o u r s e ,  o f  d u b i o u s  v a l i d i t y  t o  d r a w  c o n c l u s i o n s  f r o m  t h e  
behavior  o f  a s o l u t i o n  a f t e r  a s ingu la r i t y -has  deve loped ,  and  the re  i s  
no d i r e c t  e v i d e n c e  t h a t  t h e  r e l a t i v e l y  s l o w  i n c r e a s e  o f  b o u n d a r y - l a y e r  
t h i c k n e s s ,  a c c o m p a n i e d  b y  t h e  i n s e n s i t i v i t y  t o  changes of  the  pressure  
grad ien t ,   has   any   ana log   in  a r e a l  f low. On t h e   o t h e r  hand, t h e r e   i s  
a n  i n t e r e s t i n g  p a r a l l e l  t h a t  can be drawn w i t h  t h e  h i s t e r e s i s  e f f e c t  
observed on a i r f o i l s  u n d e r g o i n g  d y n a m i c  s t a l l .  
The l a m i n a r - f l o w  c a l c u l a t i o n s ,  based on the Navier-Stokes equat ions,  were 
performed so as to  s tudy  separa t i on  so lu t i ons  wh ich  wou ld  no t  be  con tami -  
n a t e d  b y  s i n g u l a r i t y  o n s e t  and t h e  breakdown o f  t he  boundary - laye r  equa- 
t i o n s .  The s o l u t i o n s   o b t a i n e d   c e r t a i n l y  had t h i s   p r o p e r t y ,   b u t ,   s u r -  
p r i s i n g l y ,  t h e y  d i d  n o t  e x h i b i t  a n y  o f  t h e  f e a t u r e s  a s s o c i a t e d  w i t h  t h e  
e a r l y   s t a g e s   o f   s i n g u l a r i t y   o n s e t :   s t e e p e n i n g   g r a d i e n t s  o r  rap id   t h i cken -  
i n g   o f   t h e   v i s c o u s   r e g i o n .  The ca lcu la t ions   were   per fo rmed  fo r  a f l o w  
re lax ing   towards  a s teady-s ta te   separa t ion ,  and the  development  of  the 
s o l u t i o n  was a l m o s t   d i s a p p o i n t i n g l y   u n e v e n t f u l .  The reversed- f low  reg ion  
was found to  inc rease   s tead i l y   i n   ex ten t ,   t he   d i sp lacemen t   t h i ckness  
increased  progressively,   approaching  an  asymptote,  and v o r t i c a l  f l u i d  
moved away f r o m  t h e  w a l l  i n t o  t h e  i n t e r i o r  o f  t h e  f l o w .  
The major enigma posed by these resu 1 ts  concerns  the  phys i ca 1 s i g n  i f i cance 
of the  even ts  l ead ing  up t o  s i n g u l a r i t y  o n s e t  i n  t h e  u n s t e a d y  b o u n d a r y -  
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layer   equat ions.  I t  was t o  b e   e x p e c t e d   t h a t   t h e   s i n g u l a r i t y   i t s e l f  was 
s imply  a fea tu re   o f   t he   boundary - laye r   app rox ima t ions .  I t  was somewhat 
l ess  expec ted  tha t  t he  fo rma t ion  o f  a r e g i o n  o f  l o c a l l y  s t e e p  g r a d i e n t s ,  
and r a p i d  t h i c k e n i n g  o f  t h e  l a y e r ,  m i g h t  a l s o  p r o v e  t o  be  no  more  than 
a f igment  o f  the  boundary- layer  imag ina t ion .  
The mat te r   i s   no t   ye t   reso lved,   however ,  and f u r t h e r  w o r k  needs t o  
address a  number o f   s p e c i f i c   q u e s t i o n s .   F i r s t ,  what i s  t h e   s i g n i f i c a n c e  
o f  a s i n g u l a r i t y  whose o n l y  o b s e r v a b l e  e f f e c t  i s  t o  d i s s o c i a t e  t h e  subse- 
quent  boundary-layer  development  from  the imposed p ressu re  g rad ien ts?  
Second, t o  what  extent was the  unevent fu l   development   o f   the  laminar  
so lu t i ons ,  ob ta ined  he re ,  a r e s u l t  o f  e x c e s s i v e  a r t i f i c i a l  v i s c o s i t y ,  and 
would i t  genuinely  be t h a t  u n e v e n t f u l  i n  a h i g h  Reynolds-number  viscous 
f low?  Perhaps i t  wou ld   be   less   unevent fu l   in  a f l o w   o f   l a r g e r   e x t e n t  
t han   t he   one   cons ide red   he re .   Th i rd ,   a t   wha t   po in t ,   i n   t he   i n t roduc t i on  
o f  h ighe r -o rde r  te rms  in to  the  boundary - laye r  equa t ions ,  does  the  t rans i -  
t i o n  f r o m  a s i n g u l a r i t y - d o m i n a t e d  s e p a r a t i o n  t o  a nonsingular  one occur,  
and i s  t h a t  t r a n s i t i o n  t h e  same f o r  a l am ina r   f l ow  as i t  i s  f o r  a tu rbu -  
l e n t  f l o w ?  
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APPENDIX A 
CALCULAT ION METHOD FOR T IME-DEPENDENT 
TURBULENT BOUNDARY LAYERS 
1. Governing  Equations 
The v e l o c i t y  components i n  t h e  x -, y -, z - d i r e c t i o n s  a r e  
expressed i n  t h e  f o r m  U + u, V + v, W + w, respect ive ly ,  where U,V,W a r e  
d e f i n e d  as ensemble  average ve loc i t ies ,  w i th  W E 0 f o r  a two-dimensional 
f l ow ,  and u,v,w a r e  t h e  r e s i d u a l  f l u c t u a t i n g  components  about  hose 
ensemble  averages.   The  govern ing  equat ions  are  s imi lar   to   those  used 
i n  e a r l i e r  s t u d i e s  [1,7,9,11], namely,  the momentum equat ion:  
the  con t i nu i t y  equa t ion  : 
and t h e  e m p i r i c a l l y - m o d i f i e d  t u r b u l e n t  k i n e t i c - e n e r g y  e q u a t i o n :  
In   Equat ions  ( A l , A 3 )  t h e  c o n v e c t i v e  d e r i v a t i v e  i s  d e f i n e d  b y  
In  Equa t ion  (A3)  t he  emp i r i ca l  convec t i ve  cons tan t ,  a l ,  and t h e  e m p i r i c a l  
f unc t i ons   o f   pos i t i on   t h rough   the   boundary   l aye r ,  a and L ,  a r e   t a k e n   t o  2 
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be the  same as  those  used i n  Reference [l]; a c c o r d i n g l y ,  t h e  same caution; 
a ry   s ta tements   app ly   to   the i r   con t inued  use .   Exper imenta l   subs tan t ia t , ion  
o f  the  appropr ia teness  o f  Equat ion  (A3) and o f  t h e  e m p i r i c a l  p a r a m e t e r s  
i n  it - or guidance  as to  how they should be modif ied or improved - a r e  
s t i l l  u r g e n t l y  needed  and awai ted.   The  quant i ty  CP i n   E q u a t i o n  (A3) i s  
t he   two-d imens iona l   equ iva len t   o f   t he   f unc t i ons  Q Qz i n  Reference  [12], 
X '  
and i s  d e f i n e d  by 
o = r{ 1 '  
where r i s  some 1 arge number. 
on  the  resu l tan t  shear  s t ress ,  
The i n c l u s i o n  o f  t h i s  t e r m  h a s  no e f f e c t  
but  serves t o  m a i n t a i n  d i r e c t i o n a l i t y  o f  
the  shear -s t ress  vec tor  accord ing  to  
- 
where  q2 i s   t h e   r e s u l t a n t  mean-square v e l o c i t y   f l u c t u a t i o n .   E q u a t i o n  
(A6) expresses an assumpt ion   wh ich   i s   imp l i ed   i n   a l l   t he   two-d imens iona l  
a p p l i c a t i o n s  o f  Townsend's s t r u c t u r a l  s i m i l a r i t y  h y p o t h e s i s  ( s e e  R e f .  
[12] ) ,   on  which  the  present  model i s  based. 
2. S o l u t i o n   o f   t h e   E q u a t i o n s  
The s o l u t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n s  f o l l o w s  t h e  a p p r o a c h  o f  
References [1,7,9]. The f l o w   i s   d i v i d e d   i n t o  an i nne r  and  an o u t e r   l a y e r ,  
w i t h   t h e   m a t c h i n g   s t a t i o n  between them l y i n g   a t   a b o u t  y = 0.05 . I n  
the  ou te r  l aye r  the  equa t ions  a re  i n teg ra ted  by  an e x p l i c i t ,  s t a g g e r e d -  
mesh f i n i t e - d i f f e r e n c e  scheme, advancing in t h e  p o s i t i v e  x - d i r e c t i o n .  
The o n l y  a s p e c t  o f  t h e  f i n i t e - d i f f e r e n c e  scheme, wor th  ment ion ing  here  
concerns  the  method of o b t a i n i n g  x - d e r i v a t i v e s .  I n  o r d e r  t o  a v o i d  
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v i o l a t i o n  of t h e  r e l e v a n t  zones  of  dependence, d e r i v a t i v e s  w i t h  r e s p e c t  
to  x a re  fo rmed us ing  two-po in t  backward  d i f fe rences  in  reg ion  o f  p o s i -  
t i v e  U, a n d  t w o - p o i n t  f o r w a r d  d i f f e r e n c e s  i n  r e g i o n  o f  r e v e r s e d  f low 
(U < 0) .  A t  s t a t i o n s   w h e r e   t h e   l o c a l   f l o w   d i r e c t i o n  i s  ambiguous:  i.e. 
where  the  s ign  o f  U a t  some node p o i n t  ( x , y , t )  i s  d i f f e r e n t  f r o m  t h a t  a t  
t he   ad jacen t   po in ts :   ( x  - 
are   se t   equa l  to  zero.   Th i  
t h e  s o l u t i o n  a t  p o i n t s  of i 
racy  resu l  ts  because U, whi 
momentum equat ion,  i s i nev i  
Ax,y,t) and (x  + Ax ,y , t ) ,  t he  x -de r i va t i ves  
s ref inement  leads  to  improved  smoothness o f  
n c i p i e n t   f l o w   r e v e r s a l .   L i t t l e   l o s s  o f  accu- 
c h  i s  m u l t i p l i e d  b y  t h e  x - d e r i v a t i v e  i n  t h e  
t a b l y   c l o s e   t o   z e r o   a t   s u c h   p o i n t s .  I t  should 
be   s t ressed  tha t  aU/ax i s  - not  se t   equa l   to   zero   th roughout   the   reversed-  
f low reg ion ,  as  has  been  done i n  c e r t a i n  o t h e r  a n a l y s e s  o f  f l o w s  w i t h  
reversa l ;   such  a p r o c e d u r e  c l e a r l y  l e a d s  t o  a n  i n v a l i d  s o l u t i o n  because 
t y p i c a l  v a l u e s  of UaU/ax  a r e  by  no means numer ica l  l y  smal l  compared to  
found 
s o l u t  
t h e  o t h e r  t e r m s  i n  t h e  momentum equat ion.  
F u r t h e r  d e t a i l s  o f  the  numer ica l  scheme, i n  t h e  o u t e r  l a y e r ,  can be 
i n  References  [1,9,12,13,14],  and  the  reader i s  r e f e r r e d   t h e r e t o .  
In   the   inner   layer ,   near   the   sur face  of t he   p la te ,   t he   numer i ca l  
i on  i s  aga in  ma tched  to  an  approx ima te  so lu t i on  based  on t h e  Law of 
the   Wal l .  The d e t a i l s  o f  t h i s  i n n e r  s o l u t i o n  have  been mod i f ied ,  as 
compared w i t h  t h e  e a r l i e r  w o r k ,  i n  o r d e r  t o  h a n d l e  t h e  t r a n s i t i o n  f r o m  
p o s i t i v e  to nega t i ve   va lues  o f  t h e   w a l l   s h e a r   s t r e s s .   I n   t h e   p r e s e n t  
r k ,   t h e   t u r b u l e n t   k i n e t i c - e n e r g y   e q u a t i o n ,   f o r   t h e   i n n e r   l a y e r ,   i s  
i t t e n  
wo 
w r  
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where   t he   d i ss ipa t i on   l eng th ,  L ,  has  been  equated, i n  t h e  u s u a l  way, t o  
KY. The f u n c t i o n  A, where 
represents   the  res idual   imbalance  between  product ion and d i s s i p a t i o n  of 
t u r b u l e n t  k i n e t i c  e n e r g y  w h i c h ,  n e a r  t h e  w a l l ,  c o r r e s p o n d s  c h i e f l y  t o  c o n -  
v e c t i v e   t r a n s p o r t .   I n   t h e   i n n e r   l a y e r  A << 
i t s   v a l u e ,  A a t   t h e   m a t c h i n g   p o i n t   w i t h   t h e  
A now independent o f  y, we have,  upon  forma 
m 
m 
I aU/ayl , and is ,  rep laced by 
o u t e r - s o l u t i o n  domain. With 
1 i n t e g r a t i o n  of Equat ion (A7) : 
The i n t e g r a l   i s   e v a l u a t e d ,   f o l l o w i n g  Townsend [Is],  by p r e s c r i b i n g  a 
1 i n e a r  s t r e s s  r e l a t i o n s h i p  
where a i s  independent of y, and t y p i c a l l y  o f  t h e  same o r d e r  as  ap/ax. 
I t  i s  n o t  d i f f i c u l t  t o  p e r f o r m  t h e  i n t e g r a t i o n  a n a l y t i c a l l y ;  however 
the   resu l t ing   fo rms:   one,  i f  i s   o f   t h e  same s ign   t h roughou t   t he   i nne r  
l a y e r ,  and  two, i f  i t  changes s ign ,  do no t   lend   themse lves   read i l y   to  
programming fo r   the   computer .  To avoid  these  problems,  Equat ion (A9) i s  
i n t e g r a t e d  by a s i m p l e   i t e r a t i v e   n u m e r i c a l  scheme. Wi th  U and  known 
a t  t he  ma tch ing  po in t ,  an  approx ima te  va lue  o f  T~ i s  est imated f rom 
which ct i s  determined;  uv and U can  then  be  found. as f u n c t i o n s  o f  y, 
f o r  0 < y < y,. The v a l u e  o f  T i s  ad jus ted ,  by means o f  a s imple  pre-  
d i c t o r - c o r r e c t o r  method, u n t i l  t h e  a s s o c i a t e d  v a l u e s  o f  U merge  smoothly 
i n t o  t h o s e  f o r  t h e  o u t e r  domain. 
- 
W 
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3 .  I n t e g r a t i o n  Domain 
The i n t e g r a t i o n  domain extended from x = 0 t o  x = c ,  and from 
y = 0 t o  y = s(x)  where s = 1.25b, .approx imate ly .  The co l locat ion 
p o i n t s  i n  t h e  y - d i r e c t i o n ,  20 i n  number,  were d i s t r i b u t e d ,  a s  i n  R e f e r -  
ence [131, t o   g i v e   i n c r e a s e d   d e n s i t y   n e a r   t h e   w a l l .  The c o l l o c a t i o n  
p o i n t s  i n  t h e  x - d i r e c t i o n  w e r e  a l s o  d i s t r i b u t e d  n o n u n i f o r m l y ,  so a s  t o  
g i v e   i n c r e a s e d   d e n s i t y   i n   t h e   c e n t e r   p o r t i o n   o f   t h e   p l a t e .   S p e c i f i c a l l y ,  
t h e  24 po in ts  were  d i s t r i bu ted  acco rd ing  to  
w i t h  n = 24 and 0 < j 5 n. - 
(A1 1 )  
4. Boundary Cond i t ions 
For t imes t - < 0, the f low corresponds to  s teady,  constant -pressure 
flow i n   t h e   x - d i r e c t i o n .  The boundary  layer i s   i n   c o n s t a n t - p r e s s u r e  
e q u i l i b r i u m ,  w i t h  a th ickness,  6 ,  a t  x = 0, o f  0.00444  c.  The  Reynolds 
number: Uoc/v, i s  t a k e n  t o  be 10 7 . 
A t  x = 0, t h e  v e l o c i t y  and shear -s t ress  p ro f i l es  a re  ma in ta ined ,  
f o r  a l l  t i m e ,  i n  t h e  same fo rm  as   a t  t = 0; i .e . ,   in   s teady   cons tan t -  
p r e s s u r e  e q u i l i b r i u m  w i t h  an e x t e r n a l  v e l o c i t y  o f  U and the  Reynolds- 
number c o n d i t i o n s  s p e c i f i e d  above. 
0 
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APPENDIX B 
SOLUTION  METHOD FOR THE  TIME-DEPENDENT NAVIER-STOKES EQUATIONS 
1 . Govern i ng Equat ions 
The  Navier  Stokes  equations,  for  incompressible,  t ime-dependent 
f l o w ,  c a n  b e  w r i t t e n  i n  v o r t i c i t y - t r a n s p o r t  f o r m  as 
i n  w h i c h  t h e  s i n g l e  n o n - z e r o  component o f  v o r t i c i t y  i s  e ,  where 
av au 
ax ay ’ e = ” -  
and 
v 2 = - + -  a2 a2 
2 2 .  
ax ay 
From Equat ion (B2) ,  t o g e t h e r  w i t h  t h e  c o n t i n u i t y  e q u a t i o n :  
a Po isson  equa t ion  can  be  de r i ved  fo r  t he  ve loc i t y  componen ts ,  i n  te rms  
o f  d e r i v a t i v e s  o f  t h e  v o r t i c i t y :  
v v = -  2 ar; 
ax 
Equations (B1 ,B5 ,B6)  form a p a r a b o l i c  s e t ,  and represent  the  govern ing  
equa t ions ,   i n   t h ree  unknowns: c,U,V, w h i c h   a r e   i n t e g r a t e d   i n  a th ree -  
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dimensional   domain  consist ing of t w o  space  dimensions  and  time.  The 
method of s o l u t i o n  i s  c l o s e l y  r e l a t e d  t o  t h a t  of References [16,17] f o r  
so lv ing  the  parabo l ic ized  Nav ie r -S tokes  equat ions  in  th ree-d imens iona l  
steady f 1 ow. 
2. S o l u t i o n   o f   t h e   E q u a t i o n s  
The govern ing  equat ions  are  in tegra ted  by  means of an i m p l i c i t ,  a l t e r n a -  
t i n g - d i r e c t i o n  (ADI) scheme, advancing i n  t h e  p o s i t i v e  t i m e  d i r e c t i o n .  
A r e c t a n g u l a r  mesh:  x = mAx, y = nAy, i s  e r e c t e d  o n  t h e  p l a t e ,  p e r m i t t i n g  
d i s c r e t i z a t i o n  o f  t h e  d e r i v a t i v e s  a t  each  t ime  level ,  R: 
a2F 
ax 
- =  
2 
a2F 
3 Y 2  
" - 
aF - =  
a t  
where F i s  any var iab le.  Any one of  the governing equat ions can then be 
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w r i t t e n  i n  d i f f e r e n c e  form as 
where A throu'gh E a r e  c o e f f i c i e n t s  w h i c h ,  i n  g e n e r a l ,  depend  on t h e  s o l u -  
t i on ,  bu t  wh ich  a re  rega rded  as  known a t  each i t e r a t i o n  l e v e l  r e f l e c t i n g  
the   cus tomary   l i nea r i za t i on   p rocedure .  R, i n   E q u a t i o n  (B14) i nvo l ves  
t h e  s o l u t i o n  a t  t i m e  l e v e l  a-1, which  has  a l ready  been  ca lcu lated.  The 
f i e l d ,  m,n, i s  scanned a l t e r n a t e l y  i n  t h e  m-, and n - d i r e c t i o n s ,  c o n v e r t -  
ing  Equat ion (B14)  i n to   t he   success i ve   f o rms :  
where R 1  and R have 2 
(B16)  
absorbed the pass ive terms on the le f t -hand s ide 
o f   Equa t ion  ( B 1 4 ) .  Equat ions (B15,B16) a re   so lved by the  extended 
Choleski  method [18 ] ,  f o r  w h i c h  e f f i c i e n t  s o l u t i o n  a l g o r i t h m s  a r e  
a v a i l a b l e .  
The p rocedure  du r ing  any  i t e ra t i on  cyc le  i s  t o  s o l v e  t h e  v o r t i c i t y  equa- 
t i o n  t o  p r o v i d e  u p d a t e d  v a l u e s  o f  5, and  then, i n  a second  s tep ,  t o  so l ve  
the  two  Poisson  equations to p rov ide  upda ted  va lues  o f  t he  ve loc i t i es  
U , V .  The  Poisson  equat ions  were  solved  s imultaneously,   by  regarding F 
and R, i n   e q u a t i o n  (B14)  as  two-dimensional   vectors,   and A through E as 
square matr ices.  
3 .  Boundary  Conditions 
I t  i s  assumed t h a t  t h e  u p p e r  s u r f a c e  o f  t h e  i n t e g r a t i o n  domain  (y = s )  
i s  o u t s i d e  t h e  v i s c o u s  r e g i o n ,  so t h a t  5 = 0. The v e l o c i t y  components 
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are  assumed  to  be  prescribed. At the  upstream  boundary (x = 0) ,  the 
vorticity  is  assumed  to  be  zero  except at the wall  where a delta  func- 
tion  is  imposed,  corresponding  to  the  no-.,lip  condition. At the  down- 
stream  boundary (x = c),  the  vorticity i s  assumed to be  zero  outside 
the  boundary  layer,  while  conditions  inside  the  boundary  layer  are 
assumed  to  conform  to  the  first-order  boundary-layer  approximations: 
a2/ax = 0. At the  wall: y = 0, the  boundary  conditions  are U = V = 0; 
the  vorticity at the  wall i s  determined  as part of  the  solution, and 
is proportional t o  the  wall  shear  stress. 
2 
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Figure 50 Vort ic i ty  Contours  a t  U t / c  = 2.0; Frozen  Laminar Flow, U t /c = 2.0. 
0 o f  
Y/ C 
-0 .2  
0 
0. 
'i 
, 
0 0 . 2  0.4 0.6 0.8 
/""" " 
Figure 51 Vort ic i ty   Contours   a t   Uot /c  = 4 . 0 ;  Frozen  Laminar Flow, U t,/c = 2.0.  
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Figure 52 Vorticity  Contours a t  U t / c  = 8 .0 ;  Frozen Laminar Flow, U t / c  = 2.0.  
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